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LCDAs in the "hard” processes



Emergent phenomena of QCD

QCD is believed to confine, that is, its physical states are color
singlets with internal quark and gluon degrees of freedom

QCD allow us to study hadron structures in terms of partons
Factorization theorem to separate the hard partonic physics out of the
hadronic physics (soft, nonperturbative objects)
Define hadron structures by quantum field theories
Identify theoretical observables in factorizable formulism
do  ["dC x
@ J,. ¢ ¢

The universal nonperturbative objects can be studied by QCD-based
analytical (QCDSRs, xPT, instanton) and numerical approaches (LQCD)

H(OAZ)

Also can be studied by performing global QCD analysis and fit, an inverse
problem !

CETQ, CT, MMHT, NNPDF, ABM, JAM, et.al.



Pion PDF, TMD,GPD

Definitions of pion distribution —@?‘X <

Drell-Yan

o x Z- -®C.] Tx, T4, Q/ 1)
i

Extracted from fixed target 7A data

One dimension PDF

L) = [ % P (1140, 27, 077 T i (0)|7) /, Leading neutrons

A ¢ = ;;T the parton momentum fraction . g .
fi(¢) ~ S J dk3 (b  bia (CPT, kT, a)|m)
number operator
A transversal momentum distributions (TMD) (¢, k1)

A Generalized parton distributions (GPD) f(¢, br)
Deeply virtuality meson production

A TDIS at 12GeV JLab, leading proton observable, fixed target instead of collider (HERA);
/N EIC, ElcC, great integrated luminosity to reduce the systematics uncertainties;
A COMPASS++/AMBER give m-induced DY data.



LCDAs in the "hard” processes

e In the "hard” processes, a certain hadron can be described by LCDAs at
different (collinear) twist

e LCDAs is a use of conformal symmetry in massless QCD

e The structure of perturbative prediction for light-cone dominated
processes reveals the underlying conformal symmetry of the QCD £

o pQCD is the calculation of the scale dependence (evolution equations) of physical observables

o the evolution equations of DA, GPD can be understood as the RGE for the light-cone operators

e The conformal partial expansion of hadron distribution amplitudes

o similar to partial-wave expansion of wave function in quantum mechanism

o invariance of massless QCD under conformal trans. VS rotation symmetry

o longitudinal ® transversal dofs VS angular ® radial dofs for spherically symmetry potential

o transversal-momentum dependence (scale dependence) is governed by the RGE

o longitudinal-momentum dependence (orthogonal polynomials) is described in terms of irreducible

representations of the collinear subgroup of conformal group SL(2, R) = SU(1,1) =~ S0O(2, 1)

e This expansion was instrumental for the proof of the QCD factorization

for the elastic and transition form factors



LCDAs in the "hard” processes

e Example | Pion electromagnetic form factor
o NZ2LO factorization at leading power of AQQCD/Q2 expansion, the light-cone
projections on the leading-twist-collinear operators [Chen?, Feng, Jia 2312.17228]

o rigorous two-loop computation of leading-twist contribution in the hard-collinear
factorization [Ji, Shi, Wang®, Yu 2411.03658]

—e— Bebek 78 |mmm Model

—+— JLab 08 |mmm Model IT
—s— LAT 24 Model T
= Model IV

12 —e— Bebek 78 Soft

—+— JLab 08 |---- Soft + Hard]|y;,
—e— LAT24  |-=-= Soft + Hard|y1,
—— Soft + Hard|xniL

see talk from Prof. Yu Jia o2

Q[GeV? Q*[Gev?)

Model | [Khodjamirian, et al 2011.11275]  Model Il [SC, et al 2007.05550]
Model 11l [Stefanis 2006.10576] Model IV [Cloet, et al 2407.00206]

o the N2LO QCD correction to the short-distance coefficient function is enormous

o large uncertainty from a2, as in pion meson LCDAs



LCDAs in the "hard” processes

Example Il Exclusive heavy-to-light decays B — 7/"v and B — plTv
proportional to B — m, p form factors obtained from LCSRs/LQCD
|Vyp| extracted from B® — 7w, p%ITv has ~ 30 deviation [Belle Il 2407.17403]

Vbl Bos iy = (3.93 £ 0.19 £ 0.13 £ 0.19(theo)) x 10~ % [LQCD]
[Vublgos iy = (3.73 £ 0.07 & 0.07 £ 0.16(theo)) x 10~ > [LQCD + LCSRs]
[Viblg—s pi = (3.19 £ 0.12 & 0.18 & 0.26(theo)) x 10~ [LCSRs]

LCSRs calculations do not consider the width effect of p in the 7m invariant
mass spectral or optimistically estimates the uncertainty from B-meson LCDAs

The introduction of Dipion LCDAs and the 27rDAs LCSRs

[SC, Khodjamirian, Virto 1709.0173, SC 1901.06071]

high partial waves give few percent contributions to B — wm form factors

o', p"” and NR background contribute ~ 20% — 30% to P-wave

qualitatively explains the |V,;| tension obtained from B — 7, plv
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Pion LCDAs and form factors



Pion LCDAs

e Define the LCDAs with the Lorentz and gauge invariant ME

1
Ola(x)yuysd(=x)|m~ (P)) = fw/o du &P [iPyg(u) + -]

e LCDAs are dimensionless functions of u and renormalization scale p

o the probability amplitudes to find the 7 in a state with minimal number of
constitutes and have small transversal separation of order 1/u

e expansion in power of large momentum transfer is governed by contributions
from small transversal separations x> ~ 1/u between constituents

$(u, p) = 6u(l —u) > a7 (1) G/ (u)
n=0

o af = froc (0|u(0)vzv5d(0)|m~ (P)) and af, (ko) are universal parameters
o /L dependences in af,‘ transversal dof [Brodsky & Lepage '80, Balitsky & Braun '88]

e Cp(u) are Gegenbauer polynomials in the local collinear conformal expansion
longitudinal dof [Lepage & Brodsky '79, '80, Efremov & Radyushkin '80, Braun & Filyanov '90]
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Pion LCDAs P(u 1) = 6u(1 = 1) o 37 ()G ()

QCD definition ar (u) = (r|q(2)a(2) + 2,0,q(2)q(z) + - - - |0)

LQCD: 0.334 + 0.129[ukqcD '10], 0.135 + 0.032[RQcD '19], 0.25870-9% [LpC 2]

default scale at 1 GeV  scale running

as(p) 280 1(1),(0) 1o 1
= , (1D:(0) _ g, B
an(p) = an(po) [%(uo)} Yn F kz::l k1 20Dt

aj is not available < the growing number of derivatives in qg operator

QCDSR: 0.19 & 0.06[Chernyak '84], 0.26t8:gé[Khodjamirian '04], 0.28f8:8§[sau '06)

nonlocal vacuum condensate is introduced and modeled for aJ_ , [Bakulev '01]

Dispersion relation as an Inverse problem [Li 20, vu 22]

quark-hadron duality — Laguerre Polynomials to construct spectral density

{a2, a4, a6, a3} = {0.249,0.134,0.106, 0.096}
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Pion LCDAs B, ) = 6u(l — 1) S,_p T (1) C/ 2 (1)

e Data-driven with QCD calculations for the 7 involved exclusive processes

o Fg_yr: 0.19 4+ 0.19 [Ball '05), 0.16 [Khodjamirian '11], large error from B meson

0 Fry~yx: 0.14 [Agaev '10] BABAR+CLEO, 0.10 [Agaev '12] Belle+CLEO

large uncertainty of aj_,, discrepancy data at large Q?

R, NLC
Foppo LCSRS 124004 2.4 GeV)

DiPion LCDAs o2 (02149“'“)

031
0.09
0.068

0.17£0.10£0.05

0141002

0134013
o

LQCD, TWST, N, =2, CW. 0201 +0.114

+ 1, DWF 0233 40,088

0.136+003

2-1,CW 00762 + 00127

Q%4,@%)

Method [as Gew) | Refs
LO QCDSR, CZ model 039 130311
QCDSR 0.18%01 321
QCDSR 0195006 231
Qs [sc 1901.06071“] 0135004 3435

136]

o Fr: 0.24 4+ 0.17 [Bebek '78] Wilson Lab+NA7, 0.20 4= 0.03 [Agaev '05] JLab

large uncertainty of aj_,, data is available only in small spacelike q?
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Pion LCDAs from F;

e Spacelike data is available in the narrow region g% € [—2.5,0] GeV?
e Perturbative QCD calculations are valid in the large |¢?|

e The mismatch destroys the direct extracting programme from F(g? < 0)

e Timelike form factor Fr(q? > 0) provides another opportunity
A ete” = atr=(v), 4m? < ¢? $9Gev?  [BABAR '12]
AT = wrve,  4m2 < g% < 3.125 GevZ  [Belle '08]
Aetem(y) = nta— 6 < Q% < 0.9GeV? with ISR [BESIII '16]

e TL measurement and SL predictions are related by dispersion relation

e The standard dispersion relation and The modulus representation

2 1 7 ImFr(s) o
Fr(q® <sp) = — /dsf 4 [ SC, Khodjamirian, Rosov 2007.05550]
T s—q? —ie

Fr(@? < s0) = exp

q? x/sofq / ds In |Fr(s)|?
Vs—so(s—q?)

|Fx (1% = O(smax — ) |F o3 2er. (917 + ©(s — smax) [FRCP (5)?
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Pion LCDAs from F;

e a3 = 0.270 +0.047, a4 = 0.179 + 0.060, ag = 0.123 + 0.086
o Pion deviates from the purely asymptotic one, aJ is not enough

o consists well with 0.25875-07% [Lpc 221, 0.24975-00% 111 22

e The state-of-the-art pQCD calculation and modular dispersion relation

T T T

QCD
il

of —
08/ p . TRt
0.6/ 1 FDR2
100 o4 1 date| ]
04 ! |7
0.2) ' 3 pNaT
-25 20 -15 -10 -05 00 - n
§ Fhew

1072}

[Chai, SC, Hua 2209.13312]
-30 -20 -10 10 20 30

0
q*(GeVv?)
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Dipion LCDAs at leading twist

B — 77’ decays



B — mr form factors and B — [pT —] 7T 7%/ decay

e Hy, decays have rich observables, nontrivial tests of SM [Faller '14]

e Different exclusive b — u processes help in the |V,;| determination

1
) H’tﬁ iy

o B— plyy (1.63+0.20) x 1071
[BABAR '11, Belle '13, Belle 11 '24]

SBFE Y L0 GaV]

o first measurement of BY — 7tx—
(2.3 £ 0.4) x 10~ % [Belle '20]

LR

[Belle 2005.07766)

M (Gev)

o First measurement of DY — w71~ eTe™ [LHCb-PAPER2024-047, prelim ]

o (4.53+1.38) x 10~ 7 in p/w and (3.84 + 0.96) x 10~ 7 in ¢

o ¢ — u-typed FCNC  upper limit 0.7 x 105 [BES IIl '18]

o DY = K=mOut v Swave accounts ~ 2.06%, (0.729 & 0.014 % 0.011) % [BESIII 2403.10877]

e Dynamics of By is governed by the B — 7w form factors

e A big task for the practitioners of QCD-based methods

o First Lattice QCD study of the B — 7/ transition amplitude in the region of large q2 and 77 invariant
mass near the p resonance [Leskovec et.al. 2212.08833[hep-lat]]
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7 form factors and B — [pt —] 7t 700 decay

DiPion LCDAs will shine a light on the width effect encounted in FP
(multibody B decays, B — [n7] lv, b — sll, ¢ — ull, Drr system ---)

How large of p contribution in P-wave B — 77 transition 7 How about
the contributions from high partial waves ?

B — 7 form factors [Hambrock, Khodjamirian '15]

2

it (k1) w0 (ko) [Ty (1 = v5)BIBY(p)) = FL (67 K. C) ———— icyapy a” KK
Vk\/Ap
2,2 2v/q? k-q
+Fe(a”, f K, 0) o (ke - qTq,,)
— Aq-K)(q- Kk 4K%(q - k)
+F (@ K0 7 (b - =t )

X = A(m2, k2, ¢?) is the K3llén function
q-k= (m% - q2 - k2)/2 and - k = \/Xﬁﬂ-(kz)cosB,r/Q =VA(2¢-1)

Br (k2) =4/1— 4m3r/k2, O is the angle between the 3-momenta of the neutral pion and the B-meson

in the dipion rest frame
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Dipion LCDAs at leading twist

e Chiral-even LC expansion with gauge factor [x,0]  [Polyakov '99, Diehl ‘98]

(12 (k1) 72 (k2) [G(zn) 7.7 qp (0)]0) = Kiab kp / dxeen) 20 (4, ¢, K2)

o n? =0, index f, f' respects the (anti-)quark flavor, a, b indicates the electric charge
o coefficient K4 _ /00 = land kg = V2, k= k1 + ko is the invariant mass of dipion state

o T =1/2,73/2 corresponds to the isoscalar and isovector 2 DAs

o higher twist o< 1, ~,,v5 have not been discussed yet, «y5 vanishes due to P-parity conservation

e Three independent kinematic variables

o momentum fraction u carried by anti-quark respecting to the total momentum of DiPion state

o longitudinal momentum fraction carried by one pion ¢ = k;r/k+, 2q - k(o< 2¢ — 1) and k2

e Normalization conditions / du Bl (¢, k) = (2¢ — D ()

/0 du (20 — 1)@} (u, ¢, k) = —2m57 (1 — OFEMT (1)
o FM(0)=1, FEMT(O) =1, Mgﬂ) is the moments of SPDs
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Dipion LCDAs at leading twist

e 27DAs is decomposed in terms of C,/” (22 — 1) and C;/Q(QQ“ —1)
oo n+1
@ K =621-2 S BN, w22z - 1 P2 - 1)

n=0,even I=1,0dd )

[=5} n+1 . .
0 By =61—2) > > B, WA P2z - 1) P (2¢ - 1)

n=1,0dd /=0,cven '

o B (K, 1) have similar scale dependence as the a, of 7, p, fy mesons

e Soft pion theorem relates the chirarlly even coefficients with aj
n+1 n+1

> e O =ar, 3 B0 =0

=1 £=0
e 27DAs relate to the skewed parton distributions (SPDs) by crossing
o moments of SPDs MJ is expressed in terms of Bpy(k? = 0) in the forward limit
e In the vicinity of the resonance, 2rDAs reduce to the DAs of p/fy
o relation between the af and the coefficients B,y

o fp relates to the imaginary part of Bnl("’%) divided by the strong coupling gy~
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Dipion LCDAs at leading twist

e What's the evolution from 4m? to large K2 O(m?), furtherly to O(mprqep) ?

2
c)

o Watson theorem of 7-7 Scattering amplitudes implies an intuitive way to express the
imaginary part of 2rDAs, leads to the Omnés solution of N-subtracted DR for the coefficients

N—1 K2m  gm 2N 52(5)

k’ oo
|2 | !

B, (k") = B,,(0) Ex; E — —— InB O+—/ s —
ne (k) = Boe (0) Bixp = ml diem ne (O = am2  sN(s— k2 — i0)

e 27DAs in a wide k* range is given by &) and a few subtraction constants

e The subtraction constants of B (s) at low s (around the threshold)

,(nl L., (nl
(nl) [ 8, (0) o 4B, 0) [ BL(0) " g nB(0)
(01) 1 0 1.46 — 1.80 1 0 0.68 — 0.60
(21) -0.113 — 0.218 -0.340 0.481 0.113 — 0.185 -0.538 -0.153
(23) 0.147 — -0.038 0 0.368 0.113 — 0.185 0 0.153
(10) -0.556 B 0.413 B B B
(12) 0.556 - 0.413 - - -

o firstly studied in the low-energy EFT based on instanton vacuum [Polyakov '99]

o updated with the kinematical constraints and the new a3, ag [SC '19,'23]

e We are now at leading twist, subleading twist LCDAs are not known yet



B — 7w form factors

e Starting with the correlation function
Fulki k2 a) = i/d“xe"‘*‘*wr*(kl)w‘](kz>|T{JZ**‘<x),js(o>}\o>
= cppo @ KK F + g FAD 4 AR L, FAR
o Take F/| (¢, k2,¢) as an example

2
F, (2, K2, 1 d _ s(u)+mp
L (q <) mp / l@l(u,(,kz)e —z
ug u

VIExg  V2fgmfE (2¢ — 1)

o the Chiral-odd DiPion LCDAs @T’ﬂl(u, ¢, k%)
o partial wave expansion F | (K,¢%,0) =,V +1 F(f)” (K, 4?) Pgl)(COS O7)/sin O

e The Ieading result is obtained by using the orthogonality relation of the Legender polynomials

P
ViZ Jagmy "B nt1

L2 L, 2 .2 .2 B
VarL oy eMz - S o Bpr (K, )y (6, K2, M, 55)
2f5.  mafe n=0,2,--- g/ —=1,3

FOU2,q%) =

V20 4+ 1(6 — 1! 1 d.
JvELAIEW TVI=2PD @) ()

1
o’ 200 4 1)! 1

1 —s

@) = [ auet® 61— )€/ (20— 1)
Jug

o Iy =0when ¢ >0 Iy =1/V3,hg=—1/V3,I5 =4/(5V3)

o ¢/ =1, asymptotic DAs, P-wave term retains in the DiPion LCDAs
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B — 7w form factors

e How large of P—wave contribution to B — 7w FFs (£ =1) ?
>1 o=
Re= RV 02,6 /F0 (012, 67)

e How much p contained in P—wave B — 7 FFs (( = 1,0/ =1) ?

o Short-distance part of the correlation: ;1 = 3 GeV without NLO correction
fg = 20779 MeV, M? =16.0 +4.0 Gev? <+ s§ = 37.5+ 2.5 Gev? [P. Gelhausen '13]

35
5.0 T T T T " " " ' " " T
P-wave contribution F’fli%z X /1m;)r) 30fasy contribution F/fl (0.1,K2),(/ =1)
45 D, F-wave contribution F/I ‘3(q27 4rr§r) 5{non-asy contribution F(fl (0.1, k%), (/’ =3,--)
40 _ ]
& Z 20
7 35 5,
v R ' 15
~ 30 - e o
25— LO and leading twist of ‘_)STDAS
) [SC, Khodjamirian, Virto 1709.0173] “ :
'00 2 4 6 8 10 %.0 02 04 06 08 10 12 14
qA(Gev?) K*(GeVv?)

* High partial waves give few percent contributions to B — mm form factors

x p’,p” and NR background contribute ~ 20% — 30% to P-wave
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B — 7w form factors

e 30% smaller than the result
obtained from B-meson LCSRs
[SC, Khodjamirian and Virto 1701.01663]

o high twist contributions 7

o large uncertainty from B-meson
LCDAs ?

¢* (GeV?)
e Comparison with the B meson LCSRs

Fu(ky, ka,q) = f/d4xe"‘”<w+m>w“<k2>|T{JZ“‘<x>,/F—?<u>}|o>
Fuw (k@) = i [ d* x> (d00,u00, TEULTARIE (0 + )

o At the current accuracy, they give same order plots of B — mt =0 FFs

o For the P—wave FFs, they both predict sizable non-p contribution (~ 20%) p’, p’’, - -- and NR
background

o B-meson LCSRs can not predict the contributions from higher partial waves, but it indeed exist while is
small in the DiPion LCSRs

o B-meson LCSRs rely on the resonance model (an inverse problem), DiPion LCSRs is currently limited by
the poor knowledge of DiPion LCDAs
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Conclusion and Prospect

e The introduction of DiPion LCDAs provides an opportunity to study the width
effects and the structures of nonstable mesons in Hy processes

o a new booster on the accurate calculation in flavor physics

o improvement study in the CKM determinations and the flavor anomalies

e DiPion LCDAs study is at leading twist so far QCD definitions and double expansion

o determine the parameters by low energy effective theory and data constraints
o evolution of k% from the threshold to large scale O(m2, myAqcp)

o universal phase shift in w7 scattering and heavy decay ?

e Go further to high twist LCDAs, not only to match the precise measurement

o B— wrly, B— [pp —] — 47, Ds — wwly, D — Krpv, D — mretTe™ et al.

Thanks a lot for your patience.
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