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LCDAs in the ”hard” processes
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Emergent phenomena of QCD

QCD is believed to confine, that is, its physical states are color
singlets with internal quark and gluon degrees of freedom

• QCD allow us to study hadron structures in terms of partons
• Factorization theorem to separate the hard partonic physics out of the

hadronic physics (soft, nonperturbative objects)

• Define hadron structures by quantum field theories
• Identify theoretical observables in factorizable formulism

dσ
dΩ =

∫ 1

x

dζ
ζ

H(ζ)f( x
ζ
)

• The universal nonperturbative objects can be studied by QCD-based
analytical (QCDSRs, χPT, instanton) and numerical approaches (LQCD)

• Also can be studied by performing global QCD analysis and fit, an inverse
problem !

• CETQ, CT, MMHT, NNPDF, ABM, JAM, et.al.
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Pion PDF,TMD,GPD

Definitions of pion distribution

One dimension PDF

△ fi(ζ) =
∫ dz−

4π
e−iζP+z− ⟨π|ψ̄i(0, z−, 0T)γ+ψi(0)|π⟩

△ ζ = k+
P+ , the parton momentum fraction

△ fi(ζ) ∼
∑

α

∫
dk2T⟨π|b†k,αbk,α(ζP+, kT, α)|π⟩
number operator

△ transversal momentum distributions (TMD) f(ζ, kT)

△ Generalized parton distributions (GPD) f(ζ, bT)

Extracted from fixed target πA data

Drell-Yan

Deeply virtuality meson production

Leading neutrons

△ TDIS at 12GeV JLab, leading proton observable, fixed target instead of collider (HERA);
△ EIC, EIcC, great integrated luminosity to reduce the systematics uncertainties;
△ COMPASS++/AMBER give π-induced DY data.
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LCDAs in the ”hard” processes

• In the ”hard” processes, a certain hadron can be described by LCDAs at
different (collinear) twist

• LCDAs is a use of conformal symmetry in massless QCD

• The structure of perturbative prediction for light-cone dominated
processes reveals the underlying conformal symmetry of the QCD L

◦ pQCD is the calculation of the scale dependence (evolution equations) of physical observables
◦ the evolution equations of DA, GPD can be understood as the RGE for the light-cone operators

• The conformal partial expansion of hadron distribution amplitudes
◦ similar to partial-wave expansion of wave function in quantum mechanism
◦ invariance of massless QCD under conformal trans. VS rotation symmetry
◦ longitudinal ⊗ transversal dofs VS angular ⊗ radial dofs for spherically symmetry potential
◦ transversal-momentum dependence (scale dependence) is governed by the RGE
◦ longitudinal-momentum dependence (orthogonal polynomials) is described in terms of irreducible

representations of the collinear subgroup of conformal group SL(2, R) ∼= SU(1, 1) ∼= SO(2, 1)

• This expansion was instrumental for the proof of the QCD factorization
for the elastic and transition form factors
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LCDAs in the ”hard” processes

• Example I Pion electromagnetic form factor

◦ N2LO factorization at leading power of Λ2
QCD/Q2 expansion, the light-cone

projections on the leading-twist-collinear operators [Chen2, Feng, Jia 2312.17228]

◦ rigorous two-loop computation of leading-twist contribution in the hard-collinear
factorization [Ji, Shi, Wang3, Yu 2411.03658]

Model I [Khodjamirian, et al 2011.11275] Model II [SC, et al 2007.05550]
Model III [Stefanis 2006.10576] Model IV [Cloet, et al 2407.00206]

see talk from Prof. Yu Jia
14:00-14:30, 29th, Nov

◦ the N2LO QCD correction to the short-distance coefficient function is enormous
◦ large uncertainty from a2, a4 in pion meson LCDAs
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LCDAs in the ”hard” processes

• Example II Exclusive heavy-to-light decays B → πl+ν and B → ρl+ν
◦ proportional to B→ π, ρ form factors obtained from LCSRs/LQCD
◦ |Vub| extracted from B0 → π−, ρ0l+ν has ∼ 3σ deviation [Belle II 2407.17403]

|Vub|B→πlν = (3.93 ± 0.19 ± 0.13 ± 0.19(theo)) × 10
−3

[LQCD]

|Vub|B→πlν = (3.73 ± 0.07 ± 0.07 ± 0.16(theo)) × 10
−3

[LQCD + LCSRs]

|Vub|B→ρlν = (3.19 ± 0.12 ± 0.18 ± 0.26(theo)) × 10
−3

[LCSRs]

◦ LCSRs calculations do not consider the width effect of ρ in the ππ invariant
mass spectral or optimistically estimates the uncertainty from B-meson LCDAs

• The introduction of Dipion LCDAs and the 2πDAs LCSRs
[SC, Khodjamirian, Virto 1709.0173, SC 1901.06071]

◦ high partial waves give few percent contributions to B→ ππ form factors
◦ ρ′, ρ′′ and NR background contribute ∼ 20%− 30% to P-wave

◦ qualitatively explains the |Vub| tension obtained from B→ π, ρlν
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Pion LCDAs and form factors
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Pion LCDAs

• Define the LCDAs with the Lorentz and gauge invariant ME

⟨0|ū(x)γµγ5d(−x)|π−(P)⟩ = fπ
∫ 1

0
du eiζP·x [iPµϕ(u) + · · · ]

• LCDAs are dimensionless functions of u and renormalization scale µ

◦ the probability amplitudes to find the π in a state with minimal number of
constitutes and have small transversal separation of order 1/µ

• expansion in power of large momentum transfer is governed by contributions
from small transversal separations x2 ∼ 1/µ between constituents

ϕ(u, µ) = 6u(1− u)
∑
n=0

aπn (µ)C
3/2
n (u)

• aπ0 = fπ∝ ⟨0|ū(0)γzγ5d(0)|π−(P)⟩ and aπn⩾2(µ0) are universal parameters

• µ dependences in aπn transversal dof [Brodsky & Lepage ’80, Balitsky & Braun ’88]

• Cn(u) are Gegenbauer polynomials in the local collinear conformal expansion
longitudinal dof [Lepage & Brodsky ’79, ’80, Efremov & Radyushkin ’80, Braun & Filyanov ’90]
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Pion LCDAs ϕ(u, µ) = 6u(1 − u)
∑

n=0 aπn (µ)C3/2
n (u)

• QCD definition aπn (µ) = ⟨π|q(z)q̄(z) + zρ∂ρq(z)q̄(z) + · · · |0⟩

• LQCD: 0.334± 0.129[UKQCD ’10], 0.135± 0.032[RQCD ’19], 0.258+0.079
−0.052 [LPC ’22]

◦ default scale at 1 GeV scale running

an(µ) = an(µ0)

[
αs(µ)

αs(µ0)

] γ
(0)
n −γ

(0)
0

2β0
, γ

⊥(∥),(0)
n = 8CF

n+1∑
k=1

1

k
−

3

4
−

1

2(n + 1)(n + 2)


◦ aπ4 is not available ← the growing number of derivatives in qq̄ operator

• QCDSR: 0.19± 0.06[Chernyak ’84], 0.26+0.21
−0.09[Khodjamirian ’04], 0.28+0.08

−0.08[Ball ’06]

◦ nonlocal vacuum condensate is introduced and modeled for aπn>2 [Bakulev ’01]

• Dispersion relation as an Inverse problem [Li ’20, Yu ’22]

quark-hadron duality → Laguerre Polynomials to construct spectral density

{a2, a4, a6, a8} = {0.249, 0.134, 0.106, 0.096}
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Pion LCDAs ϕ(u, µ) = 6u(1 − u)
∑

n=0 aπn (µ)C3/2
n (u)

• Data-driven with QCD calculations for the π involved exclusive processes

◦ FB→π : 0.19± 0.19 [Ball ’05], 0.16 [Khodjamirian ’11], large error from B meson

◦ Fπγγ∗ : 0.14 [Agaev ’10] BABAR+CLEO, 0.10 [Agaev ’12] Belle+CLEO

large uncertainty of aπn>2, discrepancy data at large Q2

CLEO

BABAR

Belle
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DiPion LCDAs

◦ Fπ : 0.24± 0.17 [Bebek ’78] Wilson Lab+NA7, 0.20± 0.03 [Agaev ’05] JLab

large uncertainty of aπn>2, data is available only in small spacelike q2
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Pion LCDAs from Fπ

• Spacelike data is available in the narrow region q2 ∈ [−2.5, 0] GeV2

• Perturbative QCD calculations are valid in the large |q2|

• The mismatch destroys the direct extracting programme from Fπ(q2 < 0)

• Timelike form factor Fπ(q2 > 0) provides another opportunity
△ e+e− → π+π−(γ), 4m2

π ⩽ q2 ≲ 9 GeV2 [BABAR ’12]
△ τ → ππντ , 4m2

π ⩽ q2 ⩽ 3.125 GeV2 [Belle ’08]
△ e+e−(γ) → π+π−, 0.6 ⩽ Q2 ⩽ 0.9 GeV2 with ISR [BESIII ’16]

• TL measurement and SL predictions are related by dispersion relation
• The standard dispersion relation and The modulus representation

Fπ(q2 < s0) =
1

π

∞∫
s0

ds
ImFπ(s)

s − q2 − iϵ
⇓ [ SC, Khodjamirian, Rosov 2007.05550]

Fπ(q2 < s0) = exp

q2
√

s0 − q2

2π

∞∫
s0

ds ln |Fπ(s)|2
s
√

s− s0 (s− q2)


|Fπ(s)|2 = Θ(smax − s) |Fdata

π,Inter.(s)|2 + Θ(s − smax) |FpQCD
π (s)|2
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Pion LCDAs from Fπ

• a2 = 0.270± 0.047, a4 = 0.179± 0.060, a6 = 0.123± 0.086

◦ Pion deviates from the purely asymptotic one, aπ2 is not enough

◦ consists well with 0.258+0.079
−0.052 [LPC ’22], 0.249+0.005

−0.006 [Li ’22]

• The state-of-the-art pQCD calculation and modular dispersion relation

[Chai, SC, Hua 2209.13312]
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Dipion LCDAs at leading twist

B → π−π0l+ν decays
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B → ππ form factors and B → [ρ+ →]π+π0lν̄ decay

• Hl4 decays have rich observables, nontrivial tests of SM [Faller ’14]

• Different exclusive b→ u processes help in the |Vub| determination

◦ B→ ρlν̄l (1.63 ± 0.20) × 10−4

[BABAR ’11, Belle ’13, Belle II ’24]

◦ first measurement of B+ → π+π−l+ν̄l
(2.3 ± 0.4) × 10−4 [Belle ’20]

[Belle 2005.07766]

◦ First measurement of D0 → π+π−e+e− [LHCb-PAPER-2024-047, prelim.]

◦ (4.53 ± 1.38) × 10−7 in ρ/ω and (3.84 ± 0.96) × 10−7 in ϕ

◦ c → u-typed FCNC upper limit 0.7 × 10−5 [BES III ’18]

◦ D0 → K−π0µ+ν S-wave accounts ∼ 2.06%, (0.729 ± 0.014 ± 0.011) % [BESIII 2403.10877]

• Dynamics of Bl4 is governed by the B→ ππ form factors
• A big task for the practitioners of QCD-based methods
◦ First Lattice QCD study of the B → ππlν̄ transition amplitude in the region of large q2 and ππ invariant

mass near the ρ resonance [Leskovec et.al. 2212.08833[hep-lat]]

16 / 24



B → ππ form factors and B → [ρ+ →]π+π0lν̄ decay

• DiPion LCDAs will shine a light on the width effect encounted in FP
(multibody B decays, B → [ππ] lν, b → sll, c → ull, Dπ system · · · )

• How large of ρ contribution in P-wave B → ππ transition ? How about
the contributions from high partial waves ?

• B → ππ form factors [Hambrock, Khodjamirian ’15]

i⟨π+
(k1)π0

(k2)|ūγν(1 − γ5)b|B̄0
(p)⟩ = F⊥(q2, k2, ζ)

2
√

k2
√
λB

iϵναβγ qα kβ k̄γ

+Ft(q2, k2, ζ)
qν√

q2
+ F0(q2, k2, ζ)

2
√

q2√
λB

(
kν −

k · q
q2

qν
)

+F∥(q2, k2, ζ)
1

√
k2

(
kν −

4(q · k)(q · k)
λB

kν +
4k2(q · k)

λB
qν

)
◦ λ = λ(m2

B, k2, q2) is the Källén function

◦ q · k = (m2
B − q2 − k2)/2 and q · k̄ =

√
λβπ(k2) cos θπ/2 =

√
λ (2ζ − 1)

◦ βπ(k2) =
√

1 − 4m2
π/k2, θπ is the angle between the 3-momenta of the neutral pion and the B-meson

in the dipion rest frame
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Dipion LCDAs at leading twist

• Chiral-even LC expansion with gauge factor [x, 0] [Polyakov ’99, Diehl ’98]

⟨πa(k1)πb(k2)|qf(zn)γµτqf′ (0)|0⟩ = κab kµ
∫

dx eiuz(k·n) Φab,ff′
∥ (u, ζ, k2)

◦ n2 = 0, index f, f′ respects the (anti-)quark flavor, a, b indicates the electric charge

◦ coefficient κ+−/00 = 1 and κ+0 =
√
2, k = k1 + k2 is the invariant mass of dipion state

◦ τ = 1/2, τ3/2 corresponds to the isoscalar and isovector 2πDAs
◦ higher twist ∝ 1, γµγ5 have not been discussed yet, γ5 vanishes due to P-parity conservation

• Three independent kinematic variables

◦ momentum fraction u carried by anti-quark respecting to the total momentum of DiPion state

◦ longitudinal momentum fraction carried by one pion ζ = k+1 /k+, 2q · k̄ (∝ 2ζ − 1) and k2

• Normalization conditions ∫ 1

0
du Φ

I=1
∥ (u, ζ, k2) = (2ζ − 1)Fπ(k2)∫ 1

0
du (2u − 1)Φ

I=0
∥ (u, ζ, k2) = −2M(π)

2 ζ(1 − ζ)FEMT
π (k2)

◦ Fem
π (0) = 1, FEMT

π (0) = 1, M(π)
2 is the moments of SPDs
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Dipion LCDAs at leading twist

• 2πDAs is decomposed in terms of C3/2
n (2z − 1) and C1/2

ℓ (2ζ − 1)

Φ
I=1

(z, ζ, k2, µ) = 6z(1 − z)
∞∑

n=0,even

n+1∑
l=1,odd

BI=1
nℓ (k2, µ)C3/2

n (2z − 1)C1/2
ℓ

(2ζ − 1)

Φ
I=0

(z, ζ, k2, µ) = 6z(1 − z)
∞∑

n=1,odd

n+1∑
l=0,even

BI=0
nℓ (k2, µ)C3/2

n (2z − 1)C1/2
ℓ

(2ζ − 1)

• Bnℓ(k2, µ) have similar scale dependence as the an of π, ρ, f0 mesons

• Soft pion theorem relates the chirarlly even coefficients with aπn
n+1∑
ℓ=1

B∥,I=1
nℓ (0) = aπn ,

n+1∑
ℓ=0

B∥,I=0
nℓ (0) = 0

• 2πDAs relate to the skewed parton distributions (SPDs) by crossing
◦ moments of SPDs Mπ

N is expressed in terms of Bnl(k2 = 0) in the forward limit

• In the vicinity of the resonance, 2πDAs reduce to the DAs of ρ/f0
◦ relation between the aρn and the coefficients Bnℓ

◦ fρ relates to the imaginary part of Bnl(m2
ρ) divided by the strong coupling gρππ
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Dipion LCDAs at leading twist

• What’s the evolution from 4m2
π to large k2 O(m2

c ), furtherly to O(mbλQCD) ?

◦ Watson theorem of π-π scattering amplitudes implies an intuitive way to express the
imaginary part of 2πDAs, leads to the Omnés solution of N-subtracted DR for the coefficients

BI
nℓ(k2) = BI

nℓ(0) Exp

N−1∑
m=1

k2m

m!

dm

dk2m ln BI
nℓ(0) +

k2N

π

∫ ∞

4m2
π

ds
δI
ℓ(s)

sN(s − k2 − i0)


• 2πDAs in a wide k2 range is given by δI

ℓ and a few subtraction constants

• The subtraction constants of Bnℓ(s) at low s (around the threshold)

(nl) B∥
nℓ(0) c∥,(nl)

1
d

dk2 ln B∥
nℓ(0) B⊥

nℓ(0) c⊥,(nl)
1

d
dk2 ln B⊥

nℓ(0)

(01) 1 0 1.46 → 1.80 1 0 0.68 → 0.60
(21) -0.113 → 0.218 -0.340 0.481 0.113 → 0.185 -0.538 -0.153
(23) 0.147 → -0.038 0 0.368 0.113 → 0.185 0 0.153
(10) -0.556 - 0.413 - - -
(12) 0.556 - 0.413 - - -

◦ firstly studied in the low-energy EFT based on instanton vacuum [Polyakov ’99]
◦ updated with the kinematical constraints and the new aπ2 , aρ2 [SC ’19,’23]

• We are now at leading twist, subleading twist LCDAs are not known yet
20 / 24



B → ππ form factors
• Starting with the correlation function

Fµ(k1, k2, q) = i
∫

d4xeiq·x⟨π+
(k1)π0

(k2)|T{jV−A
µ (x), j5(0)}|0⟩

≡ εµνρσqνkρ1kσ1 FV
+ qµF(A,q)

+ kµF(A,k)
+ k̄µF(A,̄k)

• Take FI
⊥(q2, k2, ζ) as an example
FI
⊥(q2, k2, ζ)
√

k2
√
λB

=
mb√

2fBm2
Bf⊥2π (2ζ − 1)

∫ 1

u0

du
u

Φ
I
⊥(u, ζ, k2) e

−
s(u)+m2

B
M2

◦ the Chiral-odd DiPion LCDAs Φ
ab,ff′
⊥ (u, ζ, k2)

◦ partial wave expansion F⊥,∥(k2, q2, ζ) =
∑

ℓ

√
2ℓ + 1 F(ℓ)

⊥,∥(k2, q2) P(1)
ℓ

(cos θπ)/ sin θπ

• The leading result is obtained by using the orthogonality relation of the Legender polynomials

F(ℓ)
⊥ (k2, q2) =

√
k2

√
2f⊥2π

√
λBmb

m2
BfB

e
m2

B
M2

∑
n=0,2,···

n+1∑
ℓ′=1,3

Iℓℓ′B⊥
nℓ′ (k2, µ)J⊥n (q2, k2,M2

, sB
0)

Iℓℓ′ ≡ −
√
2ℓ + 1(ℓ− 1!)

2(ℓ + 1)!

∫ 1

−1

dz
z

√
1 − z2P(1)

ℓ
(z)P(0)

ℓ′ (z)

J⊥n (q2, k2,M2
, sB

0) =

∫ 1

u0
due

−s
M2 6(1 − u)C3/2

n (2u − 1)

◦ Iℓℓ′ = 0 when ℓ > ℓ′, I11 = 1/
√
3, I13 = −1/

√
3, I15 = 4/(5

√
3)

◦ ℓ′ = 1, asymptotic DAs, P-wave term retains in the DiPion LCDAs
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B → ππ form factors

• How large of P−wave contribution to B→ ππ FFs (ℓ = 1) ?

Rℓ ≡ F(ℓ>1)
⊥ (k2, q2)/F(ℓ=1)

⊥ (k2, q2)

• How much ρ contained in P−wave B→ ππ FFs (ℓ = 1, ℓ′ = 1) ?
◦ Short-distance part of the correlation: µ = 3 GeV without NLO correction

fB = 207+9
−17 MeV, M2 = 16.0 ± 4.0 GeV2 ↔ sB

0 = 37.5 ± 2.5 GeV2 [P. Gelhausen ’13]

0 2 4 6 8 10
2.0

2.5

3.0

3.5

4.0

4.5

5.0

q
2HGeV

2L

ÈF
¦l=

1
Hq

2
LÈ

LO and leading twist of 2πDAs

P-wave contribution Fl=1
⊥ (q2, 4m2

π)
D, F-wave contribution Fl=2,3

⊥ (q2, 4m2
π)

asy contribution Fl=1
⊥ (0.1, k2), (l′ = 1)

non-asy contribution Fl=1
⊥ (0.1, k2), (l′ = 3, · · · )

[SC, Khodjamirian, Virto 1709.0173] [SC 1901.06071]
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0

5

10

15

20

25

30

35

k
2HGeV

2L

ÈF
¦a
s
y

Hk
2

LÈ

⋆ High partial waves give few percent contributions to B→ ππ form factors
⋆ ρ′, ρ′′ and NR background contribute ∼ 20%− 30% to P-wave
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B → ππ form factors

• 30% smaller than the result
obtained from B-meson LCSRs
[SC, Khodjamirian and Virto 1701.01663]

◦ high twist contributions ?

◦ large uncertainty from B-meson
LCDAs ?

• Comparison with the B meson LCSRs

Fµ(k1, k2, q) = i
∫

d4xeiq·x⟨π+
(k1)π0

(k2)|T{jV−A
µ (x), jB5(0)}|0⟩

Fµν(k, q) = i
∫

d4x eik·x⟨0|T{d̄(x)γµu(x),T{jV−A
µ (x)}|B̄0

(q + k)⟩

◦ At the current accuracy, they give same order plots of B → π+π0 FFs
◦ For the P−wave FFs, they both predict sizable non-ρ contribution (∼ 20%) ρ′, ρ′′, · · · and NR

background
◦ B-meson LCSRs can not predict the contributions from higher partial waves, but it indeed exist while is

small in the DiPion LCSRs

◦ B-meson LCSRs rely on the resonance model (an inverse problem), DiPion LCSRs is currently limited by
the poor knowledge of DiPion LCDAs

23 / 24



Conclusion and Prospect

• The introduction of DiPion LCDAs provides an opportunity to study the width
effects and the structures of nonstable mesons in Hl4 processes

◦ a new booster on the accurate calculation in flavor physics
◦ improvement study in the CKM determinations and the flavor anomalies

• DiPion LCDAs study is at leading twist so far QCD definitions and double expansion

◦ determine the parameters by low energy effective theory and data constraints
◦ evolution of k2 from the threshold to large scale O(m2

c ,mbλQCD)

◦ universal phase shift in ππ scattering and heavy decay ?

• Go further to high twist LCDAs, not only to match the precise measurement

◦ B→ ππlν,B→ [ρρ→]→ 4π, Ds → ππlν,D→ Kπµν, D→ ππe+e− et al.

Thanks a lot for your patience.
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