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Introduction to total gluon helicity
Decomposition of the proton spin

C.Alexandrou et al.,2020
Ji’s decomposition(Ji, 1996):
1
2
∆Σ+ Lzq + Jg = ℏ

2
,

(gauge invariant decomposition)

Jaffe-Manohar decomposition(Jaffe,Manohar,1990):
1
2
∆Σ+ Sg + ℓq + ℓg = ℏ

2
,

(decomposition in IMF)

· · ·
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Introduction to total gluon helicity
From gluon helicity distribution to ∆G

First moment of the gluon polarized distribution gives total gluon helicity:

∆G =
∫
dx i

2xP+

∫
dξ−

2π
e−ixξ−P+⟨PS |F+µ

a (ξ−)Lab(ξ
−, 0)F̃+

b,µ(0)|PS⟩, F̃αβ = 1/2ϵαβµνFµν .

total gluon helicity

A+ = 0

〈
PS

∣∣(E⃗a × A⃗a)
z
∣∣PS〉

Gluon spin

Boost to IMF

〈
PS

∣∣(E⃗a × A⃗⊥,a)
z
∣∣PS〉

∇ · A = 0

〈
PS

∣∣(E⃗a × A⃗a)
z
∣∣PS〉

Implementable on lattice,

up to perturbative matching.

Yang el al., 2016Ji,Zhang,Zhao,2013
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Introduction to total gluon helicity
Inconsistency between different matching proposals

Matching between
〈
PS

∣∣E⃗ × A⃗
∣∣PS〉∣∣

C.G.
(= ∆G̃ ) and total gluon helicity:

∆G̃ = Cgg∆G + Cgq∆Σ+ h.t.,

Cgg = 1 + asCA
7
3
ln P2

z

µ2 + fin., Cgq = asCF
4
3
ln P2

z

µ2 + fin..

Extract the gluon polarized distribution using LaMET, take its first moment,

∆g̃(x) =
∫

dy
|y |Cgg

(
x
y
, µ
yPz

)
∆g(y) +

∫
dy
|y |Cgq

(
x
y
, µ
yPz

)
∆q(y) + h.t.,

Cgg ⊃ δ(1− x
y
)+4asCAθ(x)θ(y−x)

{
(2x2−3xy+2y2)

(x−y)y

(
ln µ2

4y2P2
z
−ln x(y−x)

y2

)
+fin.

}
.

The intrinsic momentum scale in factorization is the partonic momentum.
However, in the factorization of ∆G̃ , the only available momentum scale is
the hadronic momentum.∫∞
−∞ dx∆g̃(x) ̸= Cgg∆G + Cgq∆Σ+ h.t., the r.h.s. is a convolution rather
than a multiplication.
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Introduction to total gluon helicity
Motivation

(Previous proposal)〈
PS

∣∣E⃗ × A⃗
∣∣PS〉

C.G.

IMF−→
〈
PS

∣∣E⃗ × A⃗
∣∣PS〉

A+=0
≡ ∆G ,

E⃗ × A⃗ is gauge-variant, for finite Pz , nontrivial matching exists.

In Coulomb gauge, a nonperturbative renormalization is difficult to
implement, the convergence of lattice perturbation theory is poor.

To resolve above inconsistencies, we can choose appropriate operator O
such that the matching between

〈
PS

∣∣O∣∣PS〉 and ∆G is trivial.
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Introduction to total gluon helicity

Total gluon helicity from local matrix element
〈
p
∣∣K 0

∣∣p〉
C.G.

Total gluon helicity from gauge invariant nonlocal matrix
element
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Gluon helicity from local matrix element in a fixed gauge
Our proposal

;
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Gluon helicity from local matrix element in a fixed gauge
Kµ and its matrix element

after a gauge transformation:Kµ = ϵµνρσTr
[
AνFαβ +

2
3
igsAνAαAβ

]
,

Kµ → Kµ − 2i
g
εµναβ∂

αTr(U−1∂νUAβ)

− 2
3g2 εµναβTr{U−1(∂νU)U−1(∂αU)U−1(∂βU)},

“large” transform
(Belavin et al.,1973)

Jacobian of S3 to G,

l.h.s: topological charge.x̂µ

Vµ

f

ν ≡
∫
d4xQ(x) ∼

∫
S3 ε

µναβTr
[
U†(∂νU)U†(∂αU)U†(∂βU)

]
.
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Gluon helicity from local matrix element in a fixed gauge
Kµ and its matrix element

after a gauge transformation:Kµ = ϵµνρσTr
[
AνFαβ +

2
3
igsAνAαAβ

]
,

Kµ → Kµ − 2i
g
εµναβ∂

αTr(U−1∂νUAβ)

− 2
3g2 εµναβTr{U−1(∂νU)U−1(∂αU)U−1(∂βU)},

“large” transform
(Belavin et al.,1973)

Jacobian of S3 to G,

local gauge transform
(Cronström and Mickelsson,1983)

∂αHµα
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Gluon helicity from local matrix element in a fixed gauge
Kµ and its matrix element

after a gauge transformation:Kµ = ϵµνρσTr
[
AνFαβ +

2
3
igsAνAαAβ

]
,

Kµ → Kµ − 2i
g
εµναβ∂

αTr(U−1∂νUAβ)

− 2
3g2 εµναβTr{U−1(∂νU)U−1(∂αU)U−1(∂βU)},

“large” transform
(Belavin et al.,1973)

Jacobian of S3 to G,

local gauge transform
(Cronström and Mickelsson,1983)

∂αHµα

If three-gluon term in Kµ exists, the forward matrix element of Kµ will have
a nonperturbative gauge dependence.
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Gluon helicity from local matrix element in a fixed gauge
Kµ and its matrix element〈

p′
∣∣Kµ

∣∣p〉 contains a gauge-dependent massless pole due to the three-gluon term:〈
p′
∣∣Kµ

∣∣p〉
n·A=0

= 4Sµ∆G (n,P) + nµ

n·q (−4(q · S)∆G (n, q,P) + i
2
⟨P ′S

∣∣F µν,aF̃ a
µν

∣∣PS⟩),
(Balitsky and Braun,1991)〈

p′
∣∣Kµ

∣∣p〉
∂·A=0

= 4Sµa1(q
2) + qµ

q2
b1(q

2),

(Kogut and Susskind,1973;Veneziano,1979)

For massive Schwinger model, the pole is caused by the coupling between Kµ and
a ghost(one of the Goldstone dipole), in covariant gauge.

Kµ
〈
f
∣∣Oinv

∣∣i〉 =
φ2

Σ +
φ1

= 0
〈
f
∣∣Kµ

∣∣i〉 = φ2

Zhuoyi Pang The Chinese University of Hong Kong, ShenZhen Total gluon helicity without effective theory matching



Gluon helicity from local matrix element in a fixed gauge
Kµ and its matrix element〈

p′
∣∣Kµ

∣∣p〉 contains a gauge-dependent massless pole due to the three-gluon term:〈
p′
∣∣Kµ

∣∣p〉
n·A=0

= 4Sµ∆G (n,P) + nµ

n·q (−4(q · S)∆G (n, q,P) + i
2
⟨P ′S

∣∣F µν,aF̃ a
µν

∣∣PS⟩),
(Balitsky and Braun,1991)〈

p′
∣∣Kµ

∣∣p〉
∂·A=0

= 4Sµa1(q
2) + qµ

q2
b1(q

2),

(Kogut and Susskind,1973;Veneziano,1979)

For massive Schwinger model, the pole is caused by the coupling between Kµ and
a ghost(one of the Goldstone dipole), in covariant gauge.

In axial gauge and µ = 0 (
〈
p′
∣∣K 0

∣∣p〉
Az=0

), the pole term vanishes:

〈
p
∣∣K 0

∣∣p〉
Az=0

= S0∆G + h.t.←
〈
p
∣∣K 0

∣∣p〉∇·A=0
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Gluon helicity from local matrix element in a fixed gauge
Renormalization in the RI/MOM

The bare result limq→0

〈
P ′S

∣∣K 0/z
∣∣PS〉

C.G.
(or

〈
PS

∣∣K 0/z
∣∣PS〉

C.G.
) needs to be

renormalized, we adopt RI/MOM scheme:(
∆GRI

R

∆ΣRI
R

)
=

(
ZRI
11 Z

RI
12

ZRI
21 Z

RI
22

)(
∆GB

∆ΣB

)
,

The perturbative gauge-invariance of
〈
PS

∣∣K 0/z
∣∣PS〉 has been used.

The conversion factor from RI/MOM scheme to MS scheme is derived at
one-loop:

RMS ,RI
11 (µ2

R , µ
2) = 1 +

αs

4π

[
β0 ln

(µ2
R

µ2

)
− 367

36
CA +

10

9
nf
]
,

RMS,RI
12 (µ2

R , µ
2) =

αs

4π
CF

[
3 ln

(µ2
R

µ2

)
− 6

]
,

RMS,RI
21 (µ2

R , µ
2) = −2αs

4π
CF ,

RMS ,RI
22 (µ2

R , µ
2) = 1.

Martinelli et al., 1995.
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Introduction to total gluon helicity

Total gluon helicity from local matrix element
〈
p
∣∣K 0

∣∣p〉
C.G.

Total gluon helicity from gauge invariant nonlocal matrix
element
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Total gluon helicity from nonlocal matrix element

Besides local matrix element in a fixed gauge, one can choose specific
gauge-invariant nonlocal matrix element, the matching between its first
moment and ∆G is trivial in MS scheme.

Previous lattice calculations of the gluon helicity distribution have large
systematic uncertainty, the effect of matching is also large (Egerer et
al.,2022).
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Total gluon helicity from nonlocal matrix element
Basic workflow

h̃(z ,Pz ,
1
a
)

(
〈
PS

∣∣F 3µ(z)L(z , 0)F̃ 0
µ(0)

∣∣PS〉)
hybrid scheme

h̃hyb.R (z ,Pz) h̃MS
R (z ,Pz)

ZT

∫
dz

∆G
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Total gluon helicity from nonlocal matrix element
Basic workflow

h̃(z ,Pz ,
1
a
)

(
〈
PS

∣∣F 3µ(z)L(z , 0)F̃ 0
µ(0)

∣∣PS〉)
hybrid scheme

h̃hyb.R (z ,Pz)

h̃hyb.R (z ,Pz) =
h̃(z,Pz ,1/a)

h̃(z,Pz=0,1/a)
θ(zs − |z |) + Tse

−δm|z|h̃(z ,Pz , 1/a)θ(|z | − zs),

h̃MS
R (z ,Pz)

ZT

∫
dz

∆G
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Total gluon helicity from nonlocal matrix element
Basic workflow

h̃(z ,Pz ,
1
a
)

(
〈
PS

∣∣F 3µ(z)L(z , 0)F̃ 0
µ(0)

∣∣PS〉)
hybrid scheme

h̃hyb.R (z ,Pz) h̃MS
R (z ,Pz)

ZT

ZT (µ, z , zs) = θ(zs − |z |)
(
1 + 2asCA

(
7
3
ln µ2z2

4e−2γE
+ 7

3

))
,

∫
dz

∆G
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Total gluon helicity from nonlocal matrix element
Basic workflow

h̃(z ,Pz ,
1
a
)

(
〈
PS

∣∣F 3µ(z)L(z , 0)F̃ 0
µ(0)

∣∣PS〉)
hybrid scheme

h̃hyb.R (z ,Pz) h̃MS
R (z ,Pz)

ZT

∫
dz

∆G

Matching coefficients between h̃MS
R (z ,Pz) and hMS

R (z ,Pz):

Cgg (α, z , µ) = δ(α) + 2asCA

{(
4αᾱ + 2

[
ᾱ2

α

]
+

)
(Lz − 1) + 6αᾱ− 4

[ ln(α)
α

]
+
+ (−3Lz + 2)δ(α)

}
,

Cgq(α, z , µ) =
−2iasCF

z

{
− 2α(Lz + 1)− 4ᾱ + Lzδ(α)

}
.

Matching between ∆G̃ and ∆G is trivial:

∆G̃ (Pz , µ) =
1

2Pz

∫∞
0

dzh̃(z ,Pz , µ)

=
∫
dλ

∫ 1

0
dα
ᾱ

[
Cgg

(
α, λ

ᾱPz
, µ

)
hg (λ, µ) + Cgq

(
α, λ

ᾱPz
, µ

)
hq(λ, µ)

]
+ h.t. = ∆G + h.t.,
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Total gluon helicity from nonlocal matrix element
Relation to the topological current〈

PS
∣∣F 3µ(z)L(z , 0)F̃ 0

µ(0)
∣∣PS〉 has a simple relation with

〈
K 0

〉
, in the axial gauge:

∫∞
0

dz⟨PS |m3µ;0µ|PS⟩
∣∣
Az=0

= ⟨PS |AiB i |PS⟩|Az=0 = ⟨PS |K 0|PS⟩|Az=0.

The matching is trivial to all orders in αs , due to the perturbatively gauge
invariance of

〈
PS

∣∣Kµ
∣∣PS〉.

We can construct integral of other correlations, which reduce to
〈
PS

∣∣Kµ
∣∣PS〉

in specific choice of gauge and µ:

∫∞
0

dz⟨PS |1
2

(
m0µ;0µ +m3µ;3µ

)
|PS⟩ = ⟨PS |1

2
A⃗ · B⃗ |PS⟩|A0=0 + ⟨PS |12ϵij

(
F i0Aj − 1

2
A0F ij

)
|PS⟩

∣∣∣
Az=0

,∫∞
0

dz⟨PS |m0µ;3µ|PS⟩ = ⟨PS |ϵijF i0Aj |PS⟩
∣∣∣
A0=0

.
Hatta et al.,2014
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Summary

We have proposed two approaches to extract the total gluon helicity from
lattice QCD. The matching coefficients are trivial in MS scheme, thus
resolving the inconsistency between calculations based on local and nonlocal
matrix elements.

The conversion factor is calculated in the state-of-art scheme (RI/MOM
scheme for local matrix element and hybrid scheme for nonlocal matrix
element).

For lattice calculations of gluon orbital angular momentum, whether there
exists a proposal with trivial matching relation is under exploration.
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