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BACKGROUND 

SENSITIVITY 

▸ Individual properties on nucleosynthesis

Figure 11: Variance in isotopic abundance patterns from uncertain �-decay half-lives, panel (a) and uncertain neutron
capture rates, panel (b). The same three nuclear mass model predictions (HFB-17, DZ33, and FRDM1995) and the same
main (A > 120) r-process conditions are used as in Fig. 10. Simulation data from [193].

final abundances. Nearly all of the solar isotopic residual data for a main r process lie within the abundance predictions of
these models. A hypothetical reduction of each mass model rms error to 100 keV is shown by the darker bands in Fig. 10.
Abundance predictions between di↵erent mass models at this reduced level of uncertainty become distinct allowing one
to clearly distinguish between the predictions of di↵erent nuclear models.

In this study, the variation in nuclear masses is propagated to separation energies which go into the calculation of
photodissociation rates. This has been shown to be a good approximation under hot astrophysical conditions [123, 118].
Propagating changes in nuclear masses consistently to all nuclear properties that depend on masses as in [121, 177] will
allow this method to be applied to other r-process conditions where photodissociation does not play such a prominent
role. However, this is at the cost of greatly increasing the computational power needed for these studies as all properties
of the given nuclear model must be recomputed at each Monte Carlo step.

4.2 Uncertain �-decay and neutron capture rates

The variance bands in final abundances from uncertain rates is shown in Fig. 11. In these calculations, the same Monte
Carlo approach has been applied separately to �-decay rates, panel (a), and neutron capture rates, panel (b) [193]. To
approximate current theoretical uncertainties in �-decay and neutron capture rates, multiplicative factors are generated
from log-normal distributions with underlying normal distribution values: µ = 0 and � = ln(2) and µ = 0 and � = ln(10)
respectively. This yields multiplicative factors that range from 10�1 to 10 for � decays and 10�3 to 103 for neutron
capture rates, in agreement with the range of theoretical calculations of these quantities as can be seen in Figs. 7 and 9.

Changes to �-decay rates can influence the pattern during the entire r-process evolution; the large variances shown in
Fig. 11 (a) are thus not too surprising. Neutron capture rates, however, influence the pattern only after the long duration
(n, �) � (�, n) equilibrium has ended in this environment, as illustrated in Fig. 2. Figure 11 (b) clearly shows that
neutron captures play a critical role in the formation of the final abundances during the last moments of the r process.

The uncertainty in both these types of rates produces roughly the same order of magnitude variance in r-process
abundances as from the uncertainty in nuclear masses. Taken together, the results of Figs. 10 and 11 imply that current
error bars are too large to distinguish between the predictions of nuclear models. In order to improve the predictability
of r-process simulations, advances in the description of neutron-rich nuclei must be achieved.

16

Mumpower 15’



BACKGROUND 

SENSITIVITY 

▸ Effects of single nucleus properties

Figure 12: (a) The change in final r-process abundances when the mass of 140Sn is increased by 500 keV and all
dependencies have been considered compared to baseline simulation (black) and solar data (black circles) from [13]. (b)
Percent di↵erence of the abundances in (a) to baseline. (c) Separate simulations show the contribution of the mass
variation when only propagating changes to neutron captures (red), �-decays (blue) and photodissociation rates (green).
(d) Percent di↵erence of the abundances in (c) to baseline. Simulation data from [121].
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BETA DECAY

TENSOR FORCE

▸  Tensor force with Triplet-Even and Triplet-Odd components 

▸ Iso-scalar pairing force

on-nucleon interactions  or  the  many-body  models.   Be-
sides, recent  works  suggest  that  the  simple  Fermi   func-
tion treatment of the phase space factor could overestim-
ate the transition rates for light, medium, and heavy nuc-
lei  with  the  magnitude  of  the  error  depending  on  the
atomic numbers and decay Q values [24, 25].

What are the major factors that may produce an obvi-
ous  strong  effect  on  the  β-decay  half-life  in  the  QRPA
calculation?  As  the  nucleon-nucleon  interaction  is  very
complicated and not well determined, one of the answers
should  be  the  isoscalar  spin-triplet  (T  =  0,  S  =  1)  (IS)
pairing  interaction.  As  the  most  involved  factor,  it  has
been introduced to study the β-decay in Refs. [9, 26]. As
the residual central force usually pushes the excited states
upwards  to  the  high energy region,  one  need to  take  the
IS pairing into account in the particle-particle channel so
as to draw the excited states downward to the low energy
region.  However,  this  raises  another  question  about  the
widely  accepted  IS  pairing  force  and  its  strength.  The
second answer to the above question might be the tensor
interactions,  which  might  shift  the  low  energy  excited
states, especially the Gamow-Teller (GT) and charge-ex-
change  spin-dipole  (SD)  states,  obviously  upwards  or
downwards,  and  produce  a  strong  effect  on  the β-decay
half-life [27–30]. Unfortunately, the strength of tensor in-
teraction has not been well determined thus far. The third
answer might be the correlations beyond the QRPA mod-
el such as the particle vibration coupling or quasi-particle
vibration coupling, which also shifts the low energy states
downwards  [31].  In  this  work,  we  devote  our  interest  to
the  study  of  the  effects  of  the  strength  variation  of  IS
pairing  and  tensor  interactions  on  the β-decay  half-lives
for  possible  r-process  waiting  point  nuclei  with N  ~  82
and 126  so  as  to  explore  which  interaction  plays  an   im-
portant role in the β-decay of these nuclei.

In  this  work,  we  apply  the  HFB+proton-neutron
QRPA  (pnQRPA)  model  based  on  the  Skyrme  force  to
study  the  effects  of  Skyrme  tensor  interaction  together
with IS pairing on the β-decay half-life for the r-process
path vicinity nuclei with neutron number N = 80, 82, 84,
124,  126,  128.  We  also  examine  how  the  variation  in
strength of the two components of the nuclear interaction
in  a  reasonable  range  affects  the β-decay  rates.  Further,
we examine how the tensor force affects the detailed de-
cay branches, which has not been addressed before. In ad-
dition,  the interplay between the two components  on the
weak process are investigated. This article is arranged as
follows. In Sec. II, a brief description of the QRPA mod-
els with canonical basis and the formula of GT and first-
forbidden  (FF)  transitions  are  presented.  The  detailed
parameters  adopted  in  the  calculations,  inluding  the  cut-
off,  parameters  of  interaction,  and  determination  of  the
quenching factor, are provided in Sec. III. In Sec. IV, we
study  how  the β-decay  half-lives  in  these  nuclei  change
with the variation in strength of the IS pairing and tensor
interaction.  In  Sec.  V,  the  effects  of  the  tensor  force  on

the detailed decay branches, i.e., allowed and first forbid-
den decay, are examined. Sec. VI presents the summary. 

II.  FORMALISM

The  zero-range  two-body  tensor  force  employed  in
this  study  was  originally  proposed  by  Skyrme  [32,  33]: 
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The  parameters  T  and  U  denote  the  strengths  of  the
triplet-even (TE)  and  triplet-odd  (TO)  tensor  terms,   re-
spectively.  The  density-dependent  contact  (i.e.,  zero-
range)  surface  pairing  interactions  are  given  as  follows
[29, 34]: 
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where  ,   is assumed to be   = 0.16 fm-3,
and    is  the  spin  exchange  operator.  As  the  iso-scalar
(IS)  pairing  strength  is  not  yet  well  constrained,  factor  f
represents  the  ratio  between  the  strengths  of  the  IS  and
iso-vector (IV) pairing forces.

We start the calculation by solving the HFB equation
in coordinate-space [35, 36]. The solved HFB wavefunc-
tions  are  expanded on the  canonical  basis  [37].  We then
solve the pnQRPA equations: 
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on-nucleon interactions  or  the  many-body  models.   Be-
sides, recent  works  suggest  that  the  simple  Fermi   func-
tion treatment of the phase space factor could overestim-
ate the transition rates for light, medium, and heavy nuc-
lei  with  the  magnitude  of  the  error  depending  on  the
atomic numbers and decay Q values [24, 25].

What are the major factors that may produce an obvi-
ous  strong  effect  on  the  β-decay  half-life  in  the  QRPA
calculation?  As  the  nucleon-nucleon  interaction  is  very
complicated and not well determined, one of the answers
should  be  the  isoscalar  spin-triplet  (T  =  0,  S  =  1)  (IS)
pairing  interaction.  As  the  most  involved  factor,  it  has
been introduced to study the β-decay in Refs. [9, 26]. As
the residual central force usually pushes the excited states
upwards  to  the  high energy region,  one  need to  take  the
IS pairing into account in the particle-particle channel so
as to draw the excited states downward to the low energy
region.  However,  this  raises  another  question  about  the
widely  accepted  IS  pairing  force  and  its  strength.  The
second answer to the above question might be the tensor
interactions,  which  might  shift  the  low  energy  excited
states, especially the Gamow-Teller (GT) and charge-ex-
change  spin-dipole  (SD)  states,  obviously  upwards  or
downwards,  and  produce  a  strong  effect  on  the β-decay
half-life [27–30]. Unfortunately, the strength of tensor in-
teraction has not been well determined thus far. The third
answer might be the correlations beyond the QRPA mod-
el such as the particle vibration coupling or quasi-particle
vibration coupling, which also shifts the low energy states
downwards  [31].  In  this  work,  we  devote  our  interest  to
the  study  of  the  effects  of  the  strength  variation  of  IS
pairing  and  tensor  interactions  on  the β-decay  half-lives
for  possible  r-process  waiting  point  nuclei  with N  ~  82
and 126  so  as  to  explore  which  interaction  plays  an   im-
portant role in the β-decay of these nuclei.

In  this  work,  we  apply  the  HFB+proton-neutron
QRPA  (pnQRPA)  model  based  on  the  Skyrme  force  to
study  the  effects  of  Skyrme  tensor  interaction  together
with IS pairing on the β-decay half-life for the r-process
path vicinity nuclei with neutron number N = 80, 82, 84,
124,  126,  128.  We  also  examine  how  the  variation  in
strength of the two components of the nuclear interaction
in  a  reasonable  range  affects  the β-decay  rates.  Further,
we examine how the tensor force affects the detailed de-
cay branches, which has not been addressed before. In ad-
dition,  the interplay between the two components  on the
weak process are investigated. This article is arranged as
follows. In Sec. II, a brief description of the QRPA mod-
els with canonical basis and the formula of GT and first-
forbidden  (FF)  transitions  are  presented.  The  detailed
parameters  adopted  in  the  calculations,  inluding  the  cut-
off,  parameters  of  interaction,  and  determination  of  the
quenching factor, are provided in Sec. III. In Sec. IV, we
study  how  the β-decay  half-lives  in  these  nuclei  change
with the variation in strength of the IS pairing and tensor
interaction.  In  Sec.  V,  the  effects  of  the  tensor  force  on

the detailed decay branches, i.e., allowed and first forbid-
den decay, are examined. Sec. VI presents the summary. 
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BETA DECAY

DETAILED COMPARISON

▸ In QRPA calculations, two parameters - isoscalar pairing and gA 
quenching are adjustable 

▸ Simultaneous agreement of transition strength and excitation 
energies

can  be  obtained  by  the  GT  and  SD  data,  while  a  much
stronger constraint  comes  from  the  single-particle   ener-
gies.  Finally,  the strength of the TO tensor interaction is
constrained to the interval from −350 to −270 MeV·fm5,
and  that  of  TE  tensor  interactions  from  approximately
270 to 600 MeV·fm5 [49]. In this section, we adopt (T, U)
= (500.00, −320.00) MeV·fm5 as the baseline parameter,
which is close to the centre of the optimized region. 

gAB.    Decay scheme and quenching of 

f t

f t

gA
gA = 0.75gA0

gA
gA = qgm

A gm
A ≈ 0.7−0.8gA0 gA

GT FF

gV

gA gV = q

In  this  subsection,  the  decay  scheme of  nuclei  in  Cd
isotopes  will  be  investigated  to  adjust  the  quenching
factor. To understand the effect of tensor force and to ad-
just the parameter better, detailed studies of β-decay bey-
ond  half-lives  are  needed.  As  performed  in  [14], we   in-
vestigate the detailed decay scheme and compare both de-
cay  energies  as  well  as  log  values  (the  equivalence  of
nuclear  matrix  elements).  The  decay  energies  can  be
compared directly with those from the experiments, while
the  log   value  comparison  is  less  straightforward,  as
there  always  exists  the  problem of  axial-vector  coupling
constant ( ) quenching, which has an empirical value of
approximately  ,  and  its  origin  is  still  being
debated.  A  recent  study  suggests  that  it  may  come from
the many-body weak current  [50]. In  spite  of  such com-
mon  quenching  effect  from  nuclear  medium,  the  many-
body  approximations  may  also  bring  certain  quenching.
As  pointed  out  in  Ref.  [14],  the  QRPA  method  is  in  a
sense an approximation to the exact shell model calcula-
tions.  The  calculated  peak  may  be  further  broadened  by
multi-phonon effects  beyond  this  approach,  and  this   ap-
proximation may introduce an effective quenching in ad-
dition to the previous quenching for   mentioned above,
namely,  ,  where    is  the    in
nuclear medium extracted  from various  shell  model   cal-
culations. Given that both   and   decay branches are
studied in this article, we should also take into account an
effective  quenching  of    due  to  the  lack  of  strength
spreading  of  the  QRPA  method,  in  the  same  manner  as
that of  , that is,   instead of 1.

gA = 0.5gA0

gA

The allowed (GT) decays are relatively simple. Mean-
while, the measurements suggest that β-decays of Cd iso-
topes  are  dominated by GT decays,  so one could fix  the
quenching factors by the decay schemes of the Cd isotop-
ic  chain.  In  Table  2,  we  present  a  comparison  of  GT
branches  for  Cd isotopes  with  . Our  observa-
tion is that without tensor force, the decay energies of the
specific  decay  channels  are  underestimated.  This  can  be
ignored  if  the  detailed  decay  scheme  information  is  not
included. In that case, one would either simply resort to a
larger  , which could correctly produce the half-lives, or
increase  the  IS  pairing  strength  to  obtain  a  larger  decay
energy;  the  necessity  of  the  introduction  of  the  tensor
force may be neglected.

The inclusion of the tensor force becomes a better op-

f t

f t
gA

tion, as it can give a much better agreement for the decay
energy  for  most  of  the  Cd  isotopes  and,  with  a  proper
quenching, it also gives better agreement to the log  val-
ues. The inclusion of the tensor force thus provides sim-
ultaneous agreements of decay energies and log  values
of specific decay channels with proper IS pairing and 
quenching,  which  are  difficult  to  achieve  without  it.
Moreover, these results agree well with those obtained by
the QRPA with realistic forces [14].

gA = 0.5gA0

Accordingly, the β-decay half lives for the Cd isotop-
ic chain are displayed in Fig. 1,  in which the strength of
the tensor terms is  set  as  (T,U)  = (500,  −320) MeV·fm5,
the IS pairing strength is set at f = 1.05, and  .
For  the  Cd  isotopes,  it  is  shown  in  Fig.  1  that  without
tensor  force,  the  deviation  of  the  calculations  from  the
measurements can be as large as one order of magnitude.
The  introduction  of  the  tensor  force  helps  improve  the
situation, achieving  qualitative  improvements  in  the   res-
ults, not only regarding the half-lives but also the excita-
tion energies and matrix elements, as can be observed in
Table 2. 
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Table 2.    Decay energies and log  values of the largest GT
branches for Cd isotopes using a quenching of  .
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122Cd 1.922 4.21 2.973 4.05 3.431 3.95
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126Cd 3.191 4.29 4.538 4.08
128Cd 3.769 4.33 5.312 4.09 6.241 4.17
130Cd 4.328 4.39 6.083 4.11 6.741 4.10
132Cd 4.700 4.49 6.401 4.12
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Fig. 1.      (color online) β-decay half lives for the Cd isotopic
chain, calculated by HFB+QRPA with  .  The strength of
the tensor terms is selected as (T,U) = (500, −320) MeV·fm5.
The  IS  pairing  strength  is  set  at  f  =  1.05.  The  experimental
data are taken from Ref. [51].
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can  be  obtained  by  the  GT  and  SD  data,  while  a  much
stronger constraint  comes  from  the  single-particle   ener-
gies.  Finally,  the strength of the TO tensor interaction is
constrained to the interval from −350 to −270 MeV·fm5,
and  that  of  TE  tensor  interactions  from  approximately
270 to 600 MeV·fm5 [49]. In this section, we adopt (T, U)
= (500.00, −320.00) MeV·fm5 as the baseline parameter,
which is close to the centre of the optimized region. 
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Fig. 1.      (color online) β-decay half lives for the Cd isotopic
chain, calculated by HFB+QRPA with  .  The strength of
the tensor terms is selected as (T,U) = (500, −320) MeV·fm5.
The  IS  pairing  strength  is  set  at  f  =  1.05.  The  experimental
data are taken from Ref. [51].
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IV.  EFFECTS OF STRENGTH VARIATION OF IS
PAIRING AND TENSOR INTERACTIONS ON

β-DECAY HALF-LIVES

In  this  section,  the  effects  of  strength  variation  of
tensor  and  IS  pairing  interactions  on  the  β-decay  half-
lives for N ~ 82 and 126 isotonic chains are presented. 

A.    Effects of the variation of IS pairing

V0

In  this  subsection,  we  study  the  effect  of  strength
variation  of  IS  pairing  on  the β-decay  half-lives.  The  IS
pairing strength is not well constrained, and in Ref. [34] it
is  suggested  to  be  f =  1.0  to  1.05,  i.e.,  1.0  to  1.05 times
that  of  the  average  IV pairing.  To  study  the  effect  of  IS
pairing on β-decay half-life, we vary the IS pairing inter-
action  by  taking  f  =  0.90  and  1.15  respectively,  which
means the strength of IS pairing is changed by approxim-
ately 100 MeV·fm5 around  .
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The half lives in N ~ 82 chains are exhibited in Fig. 2.
The calculations are carried out with or without tensor in-
teraction. The results labelled by   are without tensor
interaction, while the curves labelled by  +T are the
results  with  tensor  interaction.  It  is  shown  in  the  figure
that the difference caused by the strength variation of IS
pairing  by  approximately  20%  is  hardly  visible  in  the
three  isotonic  chains,  regardless  of  the  presence  of  the
tensor  force.  Comparatively,  the  tensor  interaction  with
the selected strength systematically reduces the half-lives
except for semi-magic 130Sn and 134Sn. In the N = 80 iso-
tonic  chain,  the  tensor  interaction  reduces  the  half  lives
by approximately 50% to 70%, except for 130Sn. In the N
= 82 isotonic chain, the half-lives are reduced by approx-
imately 60% to 80%. For the N = 84 isotonic chain, they
are  decreased by approximately  40% to  60%,  except  for
134Sn.  In  short,  in  the  above N ~  82  isotonic  chains,  the
variation  in  IS  pairing  strength  by  approximately  20%
does  not  substantially  change  the  half-lives,  while  the
tensor interaction plays a very strong effect and systemat-
ically  reduces  the  half-lives  by  approximately  40%  to
80%.  This  signifies  the  role  of  tensor  force.  Without
tensor force, our calculations show that there is no way to
decrease  the  half-lives  by  nearly  an  order  of  magnitude
while  the  decay  energies  and  log   values  simultan-
eously fulfill the measurements.

The β-decay half lives of the nuclei in N = 124, 126,
and  128  isotonic  chains  calculated  by  HFB+QRPA  are
shown in Fig. 3 and we have limited experimental data in
this  region.  For  the  nuclei  with  big  neutron  excess  in
these three chains near N = 126, the results are similar to
the case in N ~ 82 chains, where the variation in IS pair-
ing strength by approximately 20% makes only an invis-
ible  change  in  the  half-lives  in  the  calculations  with  or
without tensor interaction, whereas the tensor interaction
produces  consistently  shorter  half-lives.  For  these  nuclei
in  the N  = 124  chain,  the  half-lives  are  reduced  by   ap-

proximately  40%.  Meanwhile,  in  the  other  two  isotonic
chains,  the effect  of  the tensor  interaction becomes even
stronger, and the half-lives are reduced by approximately
50% to 60% in the N = 126 chain, and by approximately
40% to 50% for  the N =  128 nuclei,  respectively.  In  the
region of the N = 124 chain with smaller neutron excess,
the variation in IS pairing strength leads to visible differ-
ences,  similar  to  the  ones  caused  by  the  inclusion  of
tensor  interaction.  For  nuclei  in  the N  =  128  chain  with
smaller  neutron  excess,  the  IS  pairing  plays  a  dominant
role,  hence  the  results  with  the  same  f  value  are  almost
the  same  either  with  or  without  tensor  interactions.
However, in the N = 126 chain, IS pairing makes almost
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Fig. 2.      (color online) β-decay half lives for the N = 80, 82,
and 84 isotonic chains, calculated by HFB+QRPA with  .

 labels the results calculated without including tensor in-
teraction,  while  +T  labels  the  results  calculated  with
tensor interaction (T,U) = (500, −320) MeV·fm5. In our calcu-
lations,  the  IS  pairing  strength  is  set  to  be  f =  0.90  and  1.15
times  . The experimental data are taken from Ref. [51].
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Fig. 2.      (color online) β-decay half lives for the N = 80, 82,
and 84 isotonic chains, calculated by HFB+QRPA with  .

 labels the results calculated without including tensor in-
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tensor interaction (T,U) = (500, −320) MeV·fm5. In our calcu-
lations,  the  IS  pairing  strength  is  set  to  be  f =  0.90  and  1.15
times  . The experimental data are taken from Ref. [51].
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no contribution because 126 is a magic number.
From the  above analysis,  we come to  the  conclusion

that the effects of IS pairing tends to agree for the cases
with  or  without  the  presence  of  tensor  force.  In  both
cases,  the  20%  changes  of  IS  pairing  around  f  =  1.0
barely  affect  the  decay  rates  especially  for  neutron-rich
nuclei. In general, our investigation shows that the QRPA
solutions for the N ~ 82 and 126 nuclei are stable against
the  changes  of  a  properly  selected  IS  pairing  strength.
This guarantees the accuracy of the calculated half-lives,
making it possible the future utilization of these rates for
various occasions.  For  the later  calculations,  it  is  safe  to
set the value of f at 1.05. 

B.    Effect on half-lives of the variation of
tensor interaction

The  strong  impact  of  the  tensor  interaction  on β-de-
cay  half  lives  has  been  shown  in  the  above  studies,
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whereas  it  is  necessary  to  study  the  half-life  differences
caused by the variation in strength for the tensor force. In
this  subsection,  we  will  study  the  half  lives  calculated
with  different  strengths  of  tensor  force,  namely  the  TE
(T)  and  TO  (U)  components,  in  a  constrained
region  from  the  GT  and  SD  main  peak  energies  in  90Zr
and  208Pb,  together  with  the  energy  differences  between

  and    single-proton states  along  the  Tin   iso-
topes  [49].  We  provide  the  boundaries  of T  and U  and
also  determine  quantitatively  the  half-life  errors  brought
by  this  uncertainty  of  tensor  force.  For  the  standard
baseline tensor  parameter  set,  we simply select  the cent-
ral values of the allowed parameter region, that is (T,U) =
(500, –320) MeV·fm5. For T, 20% (T = 400 to 600) vari-
ation is allowed and for U, the deviation is 60 (U = –260
to –380).

The β-decay half-lives of the nuclei in the N = 80, 82,
and 84 isotonic chains calculated by HFB+QRPA within
the allowed region of the tensor parameters are shown in
Fig. 4. As a first glance, we find that the effect of the TO
component  is  much more significant  than that  of  the TE
component.  In  most  cases,  the  effect  caused  by  the
change in the TE component can be negligible, while the
changes in the TO strength can lead to an uncertainty as
large  as  a  factor  of  two  for  nuclei  close  to  the  stability
line.  Even  for  very  neutron  rich  nuclei,  the  variation  in
TO strength could produce a difference of approximately
50%.,  whereas  for  the  TE  component,  for  very  neutron
rich  nuclei,  the  effect  is  really  small  and  we  can  barely
see the changes.

f t

If  we  look  into  the  detailed  decay  scheme,  we  find
that  the  main  change  is  in  the  decay  energies,  while  the
matrix elements or log  values change more mildly. The
difference between the TO and TE components is that the
decay  energies  are  much  more  sensitive  for  the  former
than  for  the  latter.  This  means  that  the  transition  rates
from the even-even to the odd-odd states are less sensit-
ive to the changes in tensor force, but the relative energy
intervals (Q) are more related, especially for the TO part.

Meanwhile,  we  find  that  at  the  large Z  end  of  each
isotonic  chain  the  effect  of  the  TE  component  becomes
larger. The effects on the decay half-lives may be slightly
reversed when we go from the large Z end to the small Z
end.  Except  for  the  semi-magic  nuclei,  the  enhanced TE
strength increases the half-life at a large Z but reduces it
at  a  small Z.  As  we  will  discuss  in  the  next  section,  we
find that such a reversion is closely related to the propor-
tions of FF decays.

The half-lives for the N = 124, 126, and 128 isotonic
chains  are  similar  to  those  for  the N ~ 82  chains,  which
are also presented in Fig. 5. From the figure, we see that
the TE component  also produces  a  more pronounced ef-
fect for nuclei in the chains with smaller neutron excess,
as  explained  above.  The  effect  of  the  TO  component  is
still generally stronger than that of the TE component, es-
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126, and 128 isotonic chains.
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▸ Uncertainties from tensor force SKO′Fig. 4.    (color online) β-decay half lives for N = 80, 82, and 84 isotonic chains, calculated by HFB+QRPA with  . The numbers in
parentheses are the values of T and U strength, respectively. Different values of T are distinguished by the colors, while the different U
values are distinguished by the line styles as well as the shapes of the symbols. The IS pairing strength here is set to be f = 1.05. For
each graph, the lower panel gives the ratio of the calculated half-lives to the baseline calculation, which adopts T = 500 and U = –320.

 

Fig. 5.    (color online) Same as Fig. 6 but for N = 80, 82, and 84 isotonic chains.
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▸ Impact of tensor force on different decay types

pecially  in  the  region  with  big  neutron  excess.  Only  the
difference caused by the  variation  in  TO strength  is  vis-
ible,  and  it  is  of  several  tens  of  percentages.  The  TO
strength will affect the nuclei with less neutron excess by
more than a factor of two, and these nuclei  usually have
smaller Q values.

Similar reversion  effects  are  observed  for  these   iso-
tonic  chains.  The  decay  half-lives  are  more  likely  to  be
reduced  by  an  enhanced  TO  strength  for  nuclei  with  a
large neutron excess, and the opposite applies for a small
neutron excess. 

V.  EFFECTS OF TENSOR INTERACTION ON
THE FF DECAY

λFF/λtot
N ∼ 82 ∼ 126

Various  calculations  [13,  22,  23] show  that  FF   de-
cays  may  be  important  for N~126  chains,  and  therefore,
in this section, we also study the ratios of the width of FF
to  the  total  ones,  ,  for  the  Cd  isotopes  and  the

 and   isotonic chains.
The ratios of FF for Cd isotopes are shown in Fig. 6.

It is shown in the figure that the existence of tensor force
largely increases  the  ratios  of  allowed decays  in  Cd  iso-
topes. This suggests that the effect of the tensor force on
FF decay is not as pronounced as that for allowed decay.
If we combine the results in Fig. 6 and Table 2, we find
that the speed-ups of β-decays brought by the tensor force
are dominated by allowed decays, whereas FF decay, al-
though altered by the tensor force too, will not contribute
that  much.  A  careful  investigation  suggests  that  for  the
Cd isotopic chain, the tensor force will shift the negative
parity states  to  higher  excitation  energies  and  the   trans-
ition strength  may also  be  reduced.  This  leads  to  the   re-

0−

f t
1−

2−

duction  in  the  FF ratios  with  the  increase  in  the  neutron
excess.  As  an  example,  for  the  very  neutron  rich  132Cd,
we show the details of different decay channels. With the
inclusion of tensor interaction, the   states are shifted to
high  energy  and  they  will  not  contribute  any  more.  For
example,  a  lowlying  state  with  log   5.7  is  now  shifted
out of the decay window. For   states, our observation is
that most states are shifted down slightly by several hun-
dred  keV  and  the  transition  slightly  enhanced,  but  the
magnitude  is  much  smaller  than  that  for  GT decay.  The
same may apply to   states.  However,  we also observe
that this phenomenon is not universal.

N ∼ 82 ∼ 126For  the  decays  in    and    isotonic  chains,
the  ratios  of  FF  decay  are  shown  in Figs.  7,  8.  We  find
that,  in general,  for  all  these isotonic chains,  the ratio of
FF  decay  branches  will  be  reduced  by  the  inclusion  of
tensor forces with the increase in neutron excess. This oc-

 

SKO′
Fig. 6.      (color online) Ratios of FF decay to the total  decay
width for Cd isotopes, calculated by HFB+QRPA with  .
The  strength  of  the  tensor  terms  is  set  to  be  (T,U)  =  (500,
−320) MeV·fm5. The IS pairing strength is set at f = 1.05.

Fig. 7.    (color online) Same as Fig. 6but for N = 124, 126, and 128 isotonic chains.
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LEVEL DENSITY

▸ Unlike weak rates, neutron capture calculations are 
rougher,  less structure issues 

▸ The density can be obtained from single particle levels 

▸ The level density can hence be obtained
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the collective effects [36]. This combinatorial approach is 
on par with statistical methods with respect to reproducing 
experimental data and can provide energy-, spin-, and parity-
dependent NLDs beyond the scope of statistical methods 
[37]. The nonrelativistic HFB combinatorial methods based 
on Skyrme and Gogny effective interactions have success-
fully reproduced NLDs for various nuclei [37, 38] and have 
been applied to astrophysical reactions. The accuracy of 
NLD is related to the basic information about the nuclear 
structure, such as single-particle levels, deformation, and 
binding energy. In recent years, the covariant (relativistic) 
density functional theory has attracted considerable atten-
tion in the field of nuclear physics owing to its successful 
description of complex nuclear structures and reaction 
dynamics [39–45]. For instance, it can satisfactorily repro-
duce the isotopic shifts in Pb isotopes [46] and can naturally 
explain the origin of the pseudospin and spin symmetries 
in the antinucleon spectrum [47], as well as provide a good 
description of the nuclear magnetic moments [48, 49]. 
Recently, a microstatistical method based on the CDFT was 
developed to describe NLDs [50]. The method was applied 
to the calculation of NLDs of 94,96,98Mo and 106,108Pd as well 
as the odd-A nuclei at saddle point [51], which were in good 
agreement with experimental data over the entire energy 
range of the measured values [50]. While the microstatis-
tical method can only calculate energy-dependent NLDs, 
the combinatorial method can calculate energy-, spin-, and 
parity-dependent NLDs. Therefore, it is meaningful to cal-
culate the NLDs using the CDFT combinatorial method.

The theoretical framework and methods are introduced in 
Sect. 2. The NLDs calculated using the CDFT combinato-
rial method are compared with other NLD predictions and 
experimental results in Sect. 3. Finally, the conclusions and 
future prospects are presented in Sect. 4.

2  Theoretical framework

Covariant density functional theory starts from a Lagran-
gian, and the corresponding Kohn-Sham equations have 
the form of a Dirac equation with effective fields S and V 
derived from this Lagrangian [39, 41, 49, 52]. Specifically, 
the nucleons in the nucleus are described as Dirac particles 
moving in the average potential field provided by the meson 
and photon fields, interacting with each other through the 
exchange of mesons and photons. The Dirac equation is writ-
ten as follows:

where !i is the single-particle energy required to calculate 
the NLDs, and S and V are the relativistic scalar field and 
time-like component of the vector field, respectively.

(1)[! ⋅ p + !(m + S) + V]"i = #i"i,

Upon obtaining the energy ! , spin projection m, and parity 
p of the single-particle levels using CDFT, the level informa-
tion is substituted into the generating function defined in the 
combinatorial method [11] to obtain the particle-hole state 
density !i ; the generating function Z is expressed as follows:

The above generating function is a straightforward gener-
alization of the function used previously [15] that accounts 
for not only the energy !k

i
 but also the spin projection mk

i
 and 

parity pk
i
 . The variables xk (k = 1,..., 4) enable us to count the 

number of particles and holes, y enables us monitor the exci-
tation energies and t of the spin projections, and the indices 
I1,...,I4 denote the number of discrete states considered for 
each set of single-particle and single-hole states. In practice, 
I2 = Z and I4 = N for nuclei with Z protons and N neutrons. 
Z can be expanded into powers of xk as described below:

The symbol N  denotes any integer combination 
(N1,N2,N3,N4) . The function F(y, t) can be expanded into 
powers of y and t as follows:

where U, M, and P denote the excitation energy, spin projec-
tion, and parity, respectively. The coefficients CN(U,M,P) 
represent the number of solutions. Using the coefficients 
CN(U,M,P) , the simplest definition of the particle-hole state 
density !i is obtained as follows:

However, the state density !i is strongly dependent on the 
unit energy !0 . Therefore, another method suggested by Wil-
liams [53] is employed in this study to limit the discretiza-
tion effects, as explained below.

Summing all the CN  values up to a given excitation 
energy U, we first obtain the cumulative number of states 
NN(U,M,P) , which represents the number of particle-hole 
states with excitation energy E such that 0 ≤ E < U . The 
particle-hole state density is defined as follows:

The calculated particle-hole state density !i is related only 
to the particle-hole excitation. Two special collective effects 
must be considered to obtain the level density, namely 
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the collective effects [36]. This combinatorial approach is 
on par with statistical methods with respect to reproducing 
experimental data and can provide energy-, spin-, and parity-
dependent NLDs beyond the scope of statistical methods 
[37]. The nonrelativistic HFB combinatorial methods based 
on Skyrme and Gogny effective interactions have success-
fully reproduced NLDs for various nuclei [37, 38] and have 
been applied to astrophysical reactions. The accuracy of 
NLD is related to the basic information about the nuclear 
structure, such as single-particle levels, deformation, and 
binding energy. In recent years, the covariant (relativistic) 
density functional theory has attracted considerable atten-
tion in the field of nuclear physics owing to its successful 
description of complex nuclear structures and reaction 
dynamics [39–45]. For instance, it can satisfactorily repro-
duce the isotopic shifts in Pb isotopes [46] and can naturally 
explain the origin of the pseudospin and spin symmetries 
in the antinucleon spectrum [47], as well as provide a good 
description of the nuclear magnetic moments [48, 49]. 
Recently, a microstatistical method based on the CDFT was 
developed to describe NLDs [50]. The method was applied 
to the calculation of NLDs of 94,96,98Mo and 106,108Pd as well 
as the odd-A nuclei at saddle point [51], which were in good 
agreement with experimental data over the entire energy 
range of the measured values [50]. While the microstatis-
tical method can only calculate energy-dependent NLDs, 
the combinatorial method can calculate energy-, spin-, and 
parity-dependent NLDs. Therefore, it is meaningful to cal-
culate the NLDs using the CDFT combinatorial method.

The theoretical framework and methods are introduced in 
Sect. 2. The NLDs calculated using the CDFT combinato-
rial method are compared with other NLD predictions and 
experimental results in Sect. 3. Finally, the conclusions and 
future prospects are presented in Sect. 4.

2  Theoretical framework

Covariant density functional theory starts from a Lagran-
gian, and the corresponding Kohn-Sham equations have 
the form of a Dirac equation with effective fields S and V 
derived from this Lagrangian [39, 41, 49, 52]. Specifically, 
the nucleons in the nucleus are described as Dirac particles 
moving in the average potential field provided by the meson 
and photon fields, interacting with each other through the 
exchange of mesons and photons. The Dirac equation is writ-
ten as follows:

where !i is the single-particle energy required to calculate 
the NLDs, and S and V are the relativistic scalar field and 
time-like component of the vector field, respectively.

(1)[! ⋅ p + !(m + S) + V]"i = #i"i,

Upon obtaining the energy ! , spin projection m, and parity 
p of the single-particle levels using CDFT, the level informa-
tion is substituted into the generating function defined in the 
combinatorial method [11] to obtain the particle-hole state 
density !i ; the generating function Z is expressed as follows:

The above generating function is a straightforward gener-
alization of the function used previously [15] that accounts 
for not only the energy !k

i
 but also the spin projection mk

i
 and 

parity pk
i
 . The variables xk (k = 1,..., 4) enable us to count the 

number of particles and holes, y enables us monitor the exci-
tation energies and t of the spin projections, and the indices 
I1,...,I4 denote the number of discrete states considered for 
each set of single-particle and single-hole states. In practice, 
I2 = Z and I4 = N for nuclei with Z protons and N neutrons. 
Z can be expanded into powers of xk as described below:

The symbol N  denotes any integer combination 
(N1,N2,N3,N4) . The function F(y, t) can be expanded into 
powers of y and t as follows:

where U, M, and P denote the excitation energy, spin projec-
tion, and parity, respectively. The coefficients CN(U,M,P) 
represent the number of solutions. Using the coefficients 
CN(U,M,P) , the simplest definition of the particle-hole state 
density !i is obtained as follows:

However, the state density !i is strongly dependent on the 
unit energy !0 . Therefore, another method suggested by Wil-
liams [53] is employed in this study to limit the discretiza-
tion effects, as explained below.

Summing all the CN  values up to a given excitation 
energy U, we first obtain the cumulative number of states 
NN(U,M,P) , which represents the number of particle-hole 
states with excitation energy E such that 0 ≤ E < U . The 
particle-hole state density is defined as follows:

The calculated particle-hole state density !i is related only 
to the particle-hole excitation. Two special collective effects 
must be considered to obtain the level density, namely 
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the collective effects [36]. This combinatorial approach is 
on par with statistical methods with respect to reproducing 
experimental data and can provide energy-, spin-, and parity-
dependent NLDs beyond the scope of statistical methods 
[37]. The nonrelativistic HFB combinatorial methods based 
on Skyrme and Gogny effective interactions have success-
fully reproduced NLDs for various nuclei [37, 38] and have 
been applied to astrophysical reactions. The accuracy of 
NLD is related to the basic information about the nuclear 
structure, such as single-particle levels, deformation, and 
binding energy. In recent years, the covariant (relativistic) 
density functional theory has attracted considerable atten-
tion in the field of nuclear physics owing to its successful 
description of complex nuclear structures and reaction 
dynamics [39–45]. For instance, it can satisfactorily repro-
duce the isotopic shifts in Pb isotopes [46] and can naturally 
explain the origin of the pseudospin and spin symmetries 
in the antinucleon spectrum [47], as well as provide a good 
description of the nuclear magnetic moments [48, 49]. 
Recently, a microstatistical method based on the CDFT was 
developed to describe NLDs [50]. The method was applied 
to the calculation of NLDs of 94,96,98Mo and 106,108Pd as well 
as the odd-A nuclei at saddle point [51], which were in good 
agreement with experimental data over the entire energy 
range of the measured values [50]. While the microstatis-
tical method can only calculate energy-dependent NLDs, 
the combinatorial method can calculate energy-, spin-, and 
parity-dependent NLDs. Therefore, it is meaningful to cal-
culate the NLDs using the CDFT combinatorial method.

The theoretical framework and methods are introduced in 
Sect. 2. The NLDs calculated using the CDFT combinato-
rial method are compared with other NLD predictions and 
experimental results in Sect. 3. Finally, the conclusions and 
future prospects are presented in Sect. 4.

2  Theoretical framework

Covariant density functional theory starts from a Lagran-
gian, and the corresponding Kohn-Sham equations have 
the form of a Dirac equation with effective fields S and V 
derived from this Lagrangian [39, 41, 49, 52]. Specifically, 
the nucleons in the nucleus are described as Dirac particles 
moving in the average potential field provided by the meson 
and photon fields, interacting with each other through the 
exchange of mesons and photons. The Dirac equation is writ-
ten as follows:

where !i is the single-particle energy required to calculate 
the NLDs, and S and V are the relativistic scalar field and 
time-like component of the vector field, respectively.

(1)[! ⋅ p + !(m + S) + V]"i = #i"i,

Upon obtaining the energy ! , spin projection m, and parity 
p of the single-particle levels using CDFT, the level informa-
tion is substituted into the generating function defined in the 
combinatorial method [11] to obtain the particle-hole state 
density !i ; the generating function Z is expressed as follows:

The above generating function is a straightforward gener-
alization of the function used previously [15] that accounts 
for not only the energy !k

i
 but also the spin projection mk

i
 and 

parity pk
i
 . The variables xk (k = 1,..., 4) enable us to count the 

number of particles and holes, y enables us monitor the exci-
tation energies and t of the spin projections, and the indices 
I1,...,I4 denote the number of discrete states considered for 
each set of single-particle and single-hole states. In practice, 
I2 = Z and I4 = N for nuclei with Z protons and N neutrons. 
Z can be expanded into powers of xk as described below:

The symbol N  denotes any integer combination 
(N1,N2,N3,N4) . The function F(y, t) can be expanded into 
powers of y and t as follows:

where U, M, and P denote the excitation energy, spin projec-
tion, and parity, respectively. The coefficients CN(U,M,P) 
represent the number of solutions. Using the coefficients 
CN(U,M,P) , the simplest definition of the particle-hole state 
density !i is obtained as follows:

However, the state density !i is strongly dependent on the 
unit energy !0 . Therefore, another method suggested by Wil-
liams [53] is employed in this study to limit the discretiza-
tion effects, as explained below.

Summing all the CN  values up to a given excitation 
energy U, we first obtain the cumulative number of states 
NN(U,M,P) , which represents the number of particle-hole 
states with excitation energy E such that 0 ≤ E < U . The 
particle-hole state density is defined as follows:

The calculated particle-hole state density !i is related only 
to the particle-hole excitation. Two special collective effects 
must be considered to obtain the level density, namely 
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the collective effects [36]. This combinatorial approach is 
on par with statistical methods with respect to reproducing 
experimental data and can provide energy-, spin-, and parity-
dependent NLDs beyond the scope of statistical methods 
[37]. The nonrelativistic HFB combinatorial methods based 
on Skyrme and Gogny effective interactions have success-
fully reproduced NLDs for various nuclei [37, 38] and have 
been applied to astrophysical reactions. The accuracy of 
NLD is related to the basic information about the nuclear 
structure, such as single-particle levels, deformation, and 
binding energy. In recent years, the covariant (relativistic) 
density functional theory has attracted considerable atten-
tion in the field of nuclear physics owing to its successful 
description of complex nuclear structures and reaction 
dynamics [39–45]. For instance, it can satisfactorily repro-
duce the isotopic shifts in Pb isotopes [46] and can naturally 
explain the origin of the pseudospin and spin symmetries 
in the antinucleon spectrum [47], as well as provide a good 
description of the nuclear magnetic moments [48, 49]. 
Recently, a microstatistical method based on the CDFT was 
developed to describe NLDs [50]. The method was applied 
to the calculation of NLDs of 94,96,98Mo and 106,108Pd as well 
as the odd-A nuclei at saddle point [51], which were in good 
agreement with experimental data over the entire energy 
range of the measured values [50]. While the microstatis-
tical method can only calculate energy-dependent NLDs, 
the combinatorial method can calculate energy-, spin-, and 
parity-dependent NLDs. Therefore, it is meaningful to cal-
culate the NLDs using the CDFT combinatorial method.

The theoretical framework and methods are introduced in 
Sect. 2. The NLDs calculated using the CDFT combinato-
rial method are compared with other NLD predictions and 
experimental results in Sect. 3. Finally, the conclusions and 
future prospects are presented in Sect. 4.

2  Theoretical framework

Covariant density functional theory starts from a Lagran-
gian, and the corresponding Kohn-Sham equations have 
the form of a Dirac equation with effective fields S and V 
derived from this Lagrangian [39, 41, 49, 52]. Specifically, 
the nucleons in the nucleus are described as Dirac particles 
moving in the average potential field provided by the meson 
and photon fields, interacting with each other through the 
exchange of mesons and photons. The Dirac equation is writ-
ten as follows:

where !i is the single-particle energy required to calculate 
the NLDs, and S and V are the relativistic scalar field and 
time-like component of the vector field, respectively.

(1)[! ⋅ p + !(m + S) + V]"i = #i"i,

Upon obtaining the energy ! , spin projection m, and parity 
p of the single-particle levels using CDFT, the level informa-
tion is substituted into the generating function defined in the 
combinatorial method [11] to obtain the particle-hole state 
density !i ; the generating function Z is expressed as follows:

The above generating function is a straightforward gener-
alization of the function used previously [15] that accounts 
for not only the energy !k

i
 but also the spin projection mk

i
 and 

parity pk
i
 . The variables xk (k = 1,..., 4) enable us to count the 

number of particles and holes, y enables us monitor the exci-
tation energies and t of the spin projections, and the indices 
I1,...,I4 denote the number of discrete states considered for 
each set of single-particle and single-hole states. In practice, 
I2 = Z and I4 = N for nuclei with Z protons and N neutrons. 
Z can be expanded into powers of xk as described below:

The symbol N  denotes any integer combination 
(N1,N2,N3,N4) . The function F(y, t) can be expanded into 
powers of y and t as follows:

where U, M, and P denote the excitation energy, spin projec-
tion, and parity, respectively. The coefficients CN(U,M,P) 
represent the number of solutions. Using the coefficients 
CN(U,M,P) , the simplest definition of the particle-hole state 
density !i is obtained as follows:

However, the state density !i is strongly dependent on the 
unit energy !0 . Therefore, another method suggested by Wil-
liams [53] is employed in this study to limit the discretiza-
tion effects, as explained below.

Summing all the CN  values up to a given excitation 
energy U, we first obtain the cumulative number of states 
NN(U,M,P) , which represents the number of particle-hole 
states with excitation energy E such that 0 ≤ E < U . The 
particle-hole state density is defined as follows:

The calculated particle-hole state density !i is related only 
to the particle-hole excitation. Two special collective effects 
must be considered to obtain the level density, namely 
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rotational and vibrational effects. If the nucleus under con-
sideration displays spherical symmetry, the intrinsic and 
laboratory frames coincide, and the level density is trivially 
obtained using the following relation [7]:

For deformed nuclei, within the hypothesis of axial sym-
metry, the NLD, after accounting for the rotational effect, is 
expressed as follows:

The fraction 1/2 accounts for the fact that in mirror axially 
symmetric nuclei, the intrinsic states with spin projections 
+K and −K yield the same rotational levels. Moreover, in 
the second term of the summation, the symbol !(x) (defined 
by !(x) = 1 if x holds true and 0 otherwise) restricts the rota-
tional bands built on intrinsic states with spin projection 
K = 0 and parity P to level sequences 0, 2, 4,... for P = + 
and 1, 3, 5,... for P = − . Finally, the rotational energy is 
obtained using the following expression [54]:

where J⊥ denotes the moment of inertia of a nucleus rotat-
ing around the axis perpendicular to the symmetry axis. In 
this study, J⊥ is approximated by the rigid-body value Jrigid

⟂
 , 

which is expressed as follows:

for an ellipsoidal shape with the quadrupole deformation 
parameter ! . The vibration enhancement is approximated 
as [55]:

where S denotes entropy, U denotes the excitation energy, 
and T denotes the nuclear temperature.

Finally, a phenomenological damping function is intro-
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expression for fdam developed previously [38] was simplified 
to depend only on the nuclear deformation, thereby reducing 
the number of phenomenological parameters. This damping 
function is used to suppress the discontinuities that occur 
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size as Δr = 0.1 fm. In the present deformed CDFT calcula-
tions, the Dirac equation for nucleons and the Klein–Gordon 
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adopted.

The combinatorial results rely on the properties of single-
particle levels. To understand the effect of using different 
effective interactions on the NLDs, the NLDs of 112 Cd and 
162 Dy obtained with different CDFT effective interactions, 
namely PK1 [60], NL3 [61], DD-ME2 [62], and DD-PC1 
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rotational and vibrational effects. If the nucleus under con-
sideration displays spherical symmetry, the intrinsic and 
laboratory frames coincide, and the level density is trivially 
obtained using the following relation [7]:

For deformed nuclei, within the hypothesis of axial sym-
metry, the NLD, after accounting for the rotational effect, is 
expressed as follows:

The fraction 1/2 accounts for the fact that in mirror axially 
symmetric nuclei, the intrinsic states with spin projections 
+K and −K yield the same rotational levels. Moreover, in 
the second term of the summation, the symbol !(x) (defined 
by !(x) = 1 if x holds true and 0 otherwise) restricts the rota-
tional bands built on intrinsic states with spin projection 
K = 0 and parity P to level sequences 0, 2, 4,... for P = + 
and 1, 3, 5,... for P = − . Finally, the rotational energy is 
obtained using the following expression [54]:

where J⊥ denotes the moment of inertia of a nucleus rotat-
ing around the axis perpendicular to the symmetry axis. In 
this study, J⊥ is approximated by the rigid-body value Jrigid

⟂
 , 

which is expressed as follows:

for an ellipsoidal shape with the quadrupole deformation 
parameter ! . The vibration enhancement is approximated 
as [55]:

where S denotes entropy, U denotes the excitation energy, 
and T denotes the nuclear temperature.
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where ! is the quadrupole deformation parameter. Param-
eters 0.18 and 0.038 are adjusted according to the experi-
mental data at the neutron separation energy Sn [56]. The 
expression for fdam developed previously [38] was simplified 
to depend only on the nuclear deformation, thereby reducing 
the number of phenomenological parameters. This damping 
function is used to suppress the discontinuities that occur 
between the spherical and deformed NLDs and ensure a 
smooth change of shape from deformed to spherical.

3  Results and discussion

In this section, we present our results for the NLDs obtained 
using the combinatorial method based on the CDFT and 
compare them with the results obtained using other NLD 
models [57] and experimental data [58, 59]. The effective 
meson-exchange interaction parameter PK1 [60] is adopted 
throughout the CDFT calculations. For spherical CDFT cal-
culations, we fixed the box size as Rbox = 20 fm and the step 
size as Δr = 0.1 fm. In the present deformed CDFT calcula-
tions, the Dirac equation for nucleons and the Klein–Gordon 
equations for mesons are solved using an isotropic harmonic 
oscillator, and a basis for the 18 major oscillator shells is 
adopted.

The combinatorial results rely on the properties of single-
particle levels. To understand the effect of using different 
effective interactions on the NLDs, the NLDs of 112 Cd and 
162 Dy obtained with different CDFT effective interactions, 
namely PK1 [60], NL3 [61], DD-ME2 [62], and DD-PC1 
[63] are presented for comparison in Fig. 1. For nuclei with 
small deformations ( 112Cd), the NLDs for the four effective 
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rotational and vibrational effects. If the nucleus under con-
sideration displays spherical symmetry, the intrinsic and 
laboratory frames coincide, and the level density is trivially 
obtained using the following relation [7]:

For deformed nuclei, within the hypothesis of axial sym-
metry, the NLD, after accounting for the rotational effect, is 
expressed as follows:

The fraction 1/2 accounts for the fact that in mirror axially 
symmetric nuclei, the intrinsic states with spin projections 
+K and −K yield the same rotational levels. Moreover, in 
the second term of the summation, the symbol !(x) (defined 
by !(x) = 1 if x holds true and 0 otherwise) restricts the rota-
tional bands built on intrinsic states with spin projection 
K = 0 and parity P to level sequences 0, 2, 4,... for P = + 
and 1, 3, 5,... for P = − . Finally, the rotational energy is 
obtained using the following expression [54]:

where J⊥ denotes the moment of inertia of a nucleus rotat-
ing around the axis perpendicular to the symmetry axis. In 
this study, J⊥ is approximated by the rigid-body value Jrigid

⟂
 , 

which is expressed as follows:

for an ellipsoidal shape with the quadrupole deformation 
parameter ! . The vibration enhancement is approximated 
as [55]:

where S denotes entropy, U denotes the excitation energy, 
and T denotes the nuclear temperature.

Finally, a phenomenological damping function is intro-
duced to avoid sharp transitions between the spherical and 
deformed level densities that affect the NLD predictions. The 
expression for the NLD after introduction of the damping 
function is [31]:
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!(U,M,P) = [1 − fdam(U)]Kvib!sph(U,M,P)

+ fdam(U)Kvib!def (U,M,P).

The damping function fdam is expressed as follows [38]:

where ! is the quadrupole deformation parameter. Param-
eters 0.18 and 0.038 are adjusted according to the experi-
mental data at the neutron separation energy Sn [56]. The 
expression for fdam developed previously [38] was simplified 
to depend only on the nuclear deformation, thereby reducing 
the number of phenomenological parameters. This damping 
function is used to suppress the discontinuities that occur 
between the spherical and deformed NLDs and ensure a 
smooth change of shape from deformed to spherical.

3  Results and discussion

In this section, we present our results for the NLDs obtained 
using the combinatorial method based on the CDFT and 
compare them with the results obtained using other NLD 
models [57] and experimental data [58, 59]. The effective 
meson-exchange interaction parameter PK1 [60] is adopted 
throughout the CDFT calculations. For spherical CDFT cal-
culations, we fixed the box size as Rbox = 20 fm and the step 
size as Δr = 0.1 fm. In the present deformed CDFT calcula-
tions, the Dirac equation for nucleons and the Klein–Gordon 
equations for mesons are solved using an isotropic harmonic 
oscillator, and a basis for the 18 major oscillator shells is 
adopted.

The combinatorial results rely on the properties of single-
particle levels. To understand the effect of using different 
effective interactions on the NLDs, the NLDs of 112 Cd and 
162 Dy obtained with different CDFT effective interactions, 
namely PK1 [60], NL3 [61], DD-ME2 [62], and DD-PC1 
[63] are presented for comparison in Fig. 1. For nuclei with 
small deformations ( 112Cd), the NLDs for the four effective 
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rotational and vibrational effects. If the nucleus under con-
sideration displays spherical symmetry, the intrinsic and 
laboratory frames coincide, and the level density is trivially 
obtained using the following relation [7]:

For deformed nuclei, within the hypothesis of axial sym-
metry, the NLD, after accounting for the rotational effect, is 
expressed as follows:

The fraction 1/2 accounts for the fact that in mirror axially 
symmetric nuclei, the intrinsic states with spin projections 
+K and −K yield the same rotational levels. Moreover, in 
the second term of the summation, the symbol !(x) (defined 
by !(x) = 1 if x holds true and 0 otherwise) restricts the rota-
tional bands built on intrinsic states with spin projection 
K = 0 and parity P to level sequences 0, 2, 4,... for P = + 
and 1, 3, 5,... for P = − . Finally, the rotational energy is 
obtained using the following expression [54]:

where J⊥ denotes the moment of inertia of a nucleus rotat-
ing around the axis perpendicular to the symmetry axis. In 
this study, J⊥ is approximated by the rigid-body value Jrigid

⟂
 , 

which is expressed as follows:

for an ellipsoidal shape with the quadrupole deformation 
parameter ! . The vibration enhancement is approximated 
as [55]:

where S denotes entropy, U denotes the excitation energy, 
and T denotes the nuclear temperature.

Finally, a phenomenological damping function is intro-
duced to avoid sharp transitions between the spherical and 
deformed level densities that affect the NLD predictions. The 
expression for the NLD after introduction of the damping 
function is [31]:
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(12)
!(U,M,P) = [1 − fdam(U)]Kvib!sph(U,M,P)

+ fdam(U)Kvib!def (U,M,P).

The damping function fdam is expressed as follows [38]:

where ! is the quadrupole deformation parameter. Param-
eters 0.18 and 0.038 are adjusted according to the experi-
mental data at the neutron separation energy Sn [56]. The 
expression for fdam developed previously [38] was simplified 
to depend only on the nuclear deformation, thereby reducing 
the number of phenomenological parameters. This damping 
function is used to suppress the discontinuities that occur 
between the spherical and deformed NLDs and ensure a 
smooth change of shape from deformed to spherical.

3  Results and discussion

In this section, we present our results for the NLDs obtained 
using the combinatorial method based on the CDFT and 
compare them with the results obtained using other NLD 
models [57] and experimental data [58, 59]. The effective 
meson-exchange interaction parameter PK1 [60] is adopted 
throughout the CDFT calculations. For spherical CDFT cal-
culations, we fixed the box size as Rbox = 20 fm and the step 
size as Δr = 0.1 fm. In the present deformed CDFT calcula-
tions, the Dirac equation for nucleons and the Klein–Gordon 
equations for mesons are solved using an isotropic harmonic 
oscillator, and a basis for the 18 major oscillator shells is 
adopted.

The combinatorial results rely on the properties of single-
particle levels. To understand the effect of using different 
effective interactions on the NLDs, the NLDs of 112 Cd and 
162 Dy obtained with different CDFT effective interactions, 
namely PK1 [60], NL3 [61], DD-ME2 [62], and DD-PC1 
[63] are presented for comparison in Fig. 1. For nuclei with 
small deformations ( 112Cd), the NLDs for the four effective 
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rotational and vibrational effects. If the nucleus under con-
sideration displays spherical symmetry, the intrinsic and 
laboratory frames coincide, and the level density is trivially 
obtained using the following relation [7]:

For deformed nuclei, within the hypothesis of axial sym-
metry, the NLD, after accounting for the rotational effect, is 
expressed as follows:

The fraction 1/2 accounts for the fact that in mirror axially 
symmetric nuclei, the intrinsic states with spin projections 
+K and −K yield the same rotational levels. Moreover, in 
the second term of the summation, the symbol !(x) (defined 
by !(x) = 1 if x holds true and 0 otherwise) restricts the rota-
tional bands built on intrinsic states with spin projection 
K = 0 and parity P to level sequences 0, 2, 4,... for P = + 
and 1, 3, 5,... for P = − . Finally, the rotational energy is 
obtained using the following expression [54]:

where J⊥ denotes the moment of inertia of a nucleus rotat-
ing around the axis perpendicular to the symmetry axis. In 
this study, J⊥ is approximated by the rigid-body value Jrigid

⟂
 , 

which is expressed as follows:

for an ellipsoidal shape with the quadrupole deformation 
parameter ! . The vibration enhancement is approximated 
as [55]:

where S denotes entropy, U denotes the excitation energy, 
and T denotes the nuclear temperature.

Finally, a phenomenological damping function is intro-
duced to avoid sharp transitions between the spherical and 
deformed level densities that affect the NLD predictions. The 
expression for the NLD after introduction of the damping 
function is [31]:
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(12)
!(U,M,P) = [1 − fdam(U)]Kvib!sph(U,M,P)

+ fdam(U)Kvib!def (U,M,P).

The damping function fdam is expressed as follows [38]:

where ! is the quadrupole deformation parameter. Param-
eters 0.18 and 0.038 are adjusted according to the experi-
mental data at the neutron separation energy Sn [56]. The 
expression for fdam developed previously [38] was simplified 
to depend only on the nuclear deformation, thereby reducing 
the number of phenomenological parameters. This damping 
function is used to suppress the discontinuities that occur 
between the spherical and deformed NLDs and ensure a 
smooth change of shape from deformed to spherical.

3  Results and discussion

In this section, we present our results for the NLDs obtained 
using the combinatorial method based on the CDFT and 
compare them with the results obtained using other NLD 
models [57] and experimental data [58, 59]. The effective 
meson-exchange interaction parameter PK1 [60] is adopted 
throughout the CDFT calculations. For spherical CDFT cal-
culations, we fixed the box size as Rbox = 20 fm and the step 
size as Δr = 0.1 fm. In the present deformed CDFT calcula-
tions, the Dirac equation for nucleons and the Klein–Gordon 
equations for mesons are solved using an isotropic harmonic 
oscillator, and a basis for the 18 major oscillator shells is 
adopted.

The combinatorial results rely on the properties of single-
particle levels. To understand the effect of using different 
effective interactions on the NLDs, the NLDs of 112 Cd and 
162 Dy obtained with different CDFT effective interactions, 
namely PK1 [60], NL3 [61], DD-ME2 [62], and DD-PC1 
[63] are presented for comparison in Fig. 1. For nuclei with 
small deformations ( 112Cd), the NLDs for the four effective 
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rotational and vibrational effects. If the nucleus under con-
sideration displays spherical symmetry, the intrinsic and 
laboratory frames coincide, and the level density is trivially 
obtained using the following relation [7]:

For deformed nuclei, within the hypothesis of axial sym-
metry, the NLD, after accounting for the rotational effect, is 
expressed as follows:

The fraction 1/2 accounts for the fact that in mirror axially 
symmetric nuclei, the intrinsic states with spin projections 
+K and −K yield the same rotational levels. Moreover, in 
the second term of the summation, the symbol !(x) (defined 
by !(x) = 1 if x holds true and 0 otherwise) restricts the rota-
tional bands built on intrinsic states with spin projection 
K = 0 and parity P to level sequences 0, 2, 4,... for P = + 
and 1, 3, 5,... for P = − . Finally, the rotational energy is 
obtained using the following expression [54]:

where J⊥ denotes the moment of inertia of a nucleus rotat-
ing around the axis perpendicular to the symmetry axis. In 
this study, J⊥ is approximated by the rigid-body value Jrigid

⟂
 , 

which is expressed as follows:

for an ellipsoidal shape with the quadrupole deformation 
parameter ! . The vibration enhancement is approximated 
as [55]:

where S denotes entropy, U denotes the excitation energy, 
and T denotes the nuclear temperature.

Finally, a phenomenological damping function is intro-
duced to avoid sharp transitions between the spherical and 
deformed level densities that affect the NLD predictions. The 
expression for the NLD after introduction of the damping 
function is [31]:
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+ fdam(U)Kvib!def (U,M,P).

The damping function fdam is expressed as follows [38]:

where ! is the quadrupole deformation parameter. Param-
eters 0.18 and 0.038 are adjusted according to the experi-
mental data at the neutron separation energy Sn [56]. The 
expression for fdam developed previously [38] was simplified 
to depend only on the nuclear deformation, thereby reducing 
the number of phenomenological parameters. This damping 
function is used to suppress the discontinuities that occur 
between the spherical and deformed NLDs and ensure a 
smooth change of shape from deformed to spherical.

3  Results and discussion

In this section, we present our results for the NLDs obtained 
using the combinatorial method based on the CDFT and 
compare them with the results obtained using other NLD 
models [57] and experimental data [58, 59]. The effective 
meson-exchange interaction parameter PK1 [60] is adopted 
throughout the CDFT calculations. For spherical CDFT cal-
culations, we fixed the box size as Rbox = 20 fm and the step 
size as Δr = 0.1 fm. In the present deformed CDFT calcula-
tions, the Dirac equation for nucleons and the Klein–Gordon 
equations for mesons are solved using an isotropic harmonic 
oscillator, and a basis for the 18 major oscillator shells is 
adopted.

The combinatorial results rely on the properties of single-
particle levels. To understand the effect of using different 
effective interactions on the NLDs, the NLDs of 112 Cd and 
162 Dy obtained with different CDFT effective interactions, 
namely PK1 [60], NL3 [61], DD-ME2 [62], and DD-PC1 
[63] are presented for comparison in Fig. 1. For nuclei with 
small deformations ( 112Cd), the NLDs for the four effective 
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rotational and vibrational effects. If the nucleus under con-
sideration displays spherical symmetry, the intrinsic and 
laboratory frames coincide, and the level density is trivially 
obtained using the following relation [7]:

For deformed nuclei, within the hypothesis of axial sym-
metry, the NLD, after accounting for the rotational effect, is 
expressed as follows:

The fraction 1/2 accounts for the fact that in mirror axially 
symmetric nuclei, the intrinsic states with spin projections 
+K and −K yield the same rotational levels. Moreover, in 
the second term of the summation, the symbol !(x) (defined 
by !(x) = 1 if x holds true and 0 otherwise) restricts the rota-
tional bands built on intrinsic states with spin projection 
K = 0 and parity P to level sequences 0, 2, 4,... for P = + 
and 1, 3, 5,... for P = − . Finally, the rotational energy is 
obtained using the following expression [54]:

where J⊥ denotes the moment of inertia of a nucleus rotat-
ing around the axis perpendicular to the symmetry axis. In 
this study, J⊥ is approximated by the rigid-body value Jrigid

⟂
 , 

which is expressed as follows:

for an ellipsoidal shape with the quadrupole deformation 
parameter ! . The vibration enhancement is approximated 
as [55]:

where S denotes entropy, U denotes the excitation energy, 
and T denotes the nuclear temperature.

Finally, a phenomenological damping function is intro-
duced to avoid sharp transitions between the spherical and 
deformed level densities that affect the NLD predictions. The 
expression for the NLD after introduction of the damping 
function is [31]:
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(11)Kvib = exp[!S − (!U∕T)],

(12)
!(U,M,P) = [1 − fdam(U)]Kvib!sph(U,M,P)

+ fdam(U)Kvib!def (U,M,P).

The damping function fdam is expressed as follows [38]:

where ! is the quadrupole deformation parameter. Param-
eters 0.18 and 0.038 are adjusted according to the experi-
mental data at the neutron separation energy Sn [56]. The 
expression for fdam developed previously [38] was simplified 
to depend only on the nuclear deformation, thereby reducing 
the number of phenomenological parameters. This damping 
function is used to suppress the discontinuities that occur 
between the spherical and deformed NLDs and ensure a 
smooth change of shape from deformed to spherical.

3  Results and discussion

In this section, we present our results for the NLDs obtained 
using the combinatorial method based on the CDFT and 
compare them with the results obtained using other NLD 
models [57] and experimental data [58, 59]. The effective 
meson-exchange interaction parameter PK1 [60] is adopted 
throughout the CDFT calculations. For spherical CDFT cal-
culations, we fixed the box size as Rbox = 20 fm and the step 
size as Δr = 0.1 fm. In the present deformed CDFT calcula-
tions, the Dirac equation for nucleons and the Klein–Gordon 
equations for mesons are solved using an isotropic harmonic 
oscillator, and a basis for the 18 major oscillator shells is 
adopted.

The combinatorial results rely on the properties of single-
particle levels. To understand the effect of using different 
effective interactions on the NLDs, the NLDs of 112 Cd and 
162 Dy obtained with different CDFT effective interactions, 
namely PK1 [60], NL3 [61], DD-ME2 [62], and DD-PC1 
[63] are presented for comparison in Fig. 1. For nuclei with 
small deformations ( 112Cd), the NLDs for the four effective 
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Fig. 1  (Color online) Comparison of NLDs calculated using different 
effective interactions under CDFT with experimental data [58, 59]
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rotational and vibrational effects. If the nucleus under con-
sideration displays spherical symmetry, the intrinsic and 
laboratory frames coincide, and the level density is trivially 
obtained using the following relation [7]:

For deformed nuclei, within the hypothesis of axial sym-
metry, the NLD, after accounting for the rotational effect, is 
expressed as follows:

The fraction 1/2 accounts for the fact that in mirror axially 
symmetric nuclei, the intrinsic states with spin projections 
+K and −K yield the same rotational levels. Moreover, in 
the second term of the summation, the symbol !(x) (defined 
by !(x) = 1 if x holds true and 0 otherwise) restricts the rota-
tional bands built on intrinsic states with spin projection 
K = 0 and parity P to level sequences 0, 2, 4,... for P = + 
and 1, 3, 5,... for P = − . Finally, the rotational energy is 
obtained using the following expression [54]:

where J⊥ denotes the moment of inertia of a nucleus rotat-
ing around the axis perpendicular to the symmetry axis. In 
this study, J⊥ is approximated by the rigid-body value Jrigid

⟂
 , 

which is expressed as follows:

for an ellipsoidal shape with the quadrupole deformation 
parameter ! . The vibration enhancement is approximated 
as [55]:

where S denotes entropy, U denotes the excitation energy, 
and T denotes the nuclear temperature.

Finally, a phenomenological damping function is intro-
duced to avoid sharp transitions between the spherical and 
deformed level densities that affect the NLD predictions. The 
expression for the NLD after introduction of the damping 
function is [31]:
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+ fdam(U)Kvib!def (U,M,P).

The damping function fdam is expressed as follows [38]:

where ! is the quadrupole deformation parameter. Param-
eters 0.18 and 0.038 are adjusted according to the experi-
mental data at the neutron separation energy Sn [56]. The 
expression for fdam developed previously [38] was simplified 
to depend only on the nuclear deformation, thereby reducing 
the number of phenomenological parameters. This damping 
function is used to suppress the discontinuities that occur 
between the spherical and deformed NLDs and ensure a 
smooth change of shape from deformed to spherical.

3  Results and discussion

In this section, we present our results for the NLDs obtained 
using the combinatorial method based on the CDFT and 
compare them with the results obtained using other NLD 
models [57] and experimental data [58, 59]. The effective 
meson-exchange interaction parameter PK1 [60] is adopted 
throughout the CDFT calculations. For spherical CDFT cal-
culations, we fixed the box size as Rbox = 20 fm and the step 
size as Δr = 0.1 fm. In the present deformed CDFT calcula-
tions, the Dirac equation for nucleons and the Klein–Gordon 
equations for mesons are solved using an isotropic harmonic 
oscillator, and a basis for the 18 major oscillator shells is 
adopted.

The combinatorial results rely on the properties of single-
particle levels. To understand the effect of using different 
effective interactions on the NLDs, the NLDs of 112 Cd and 
162 Dy obtained with different CDFT effective interactions, 
namely PK1 [60], NL3 [61], DD-ME2 [62], and DD-PC1 
[63] are presented for comparison in Fig. 1. For nuclei with 
small deformations ( 112Cd), the NLDs for the four effective 
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Fig. 1  (Color online) Comparison of NLDs calculated using different 
effective interactions under CDFT with experimental data [58, 59]
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rotational and vibrational effects. If the nucleus under con-
sideration displays spherical symmetry, the intrinsic and 
laboratory frames coincide, and the level density is trivially 
obtained using the following relation [7]:

For deformed nuclei, within the hypothesis of axial sym-
metry, the NLD, after accounting for the rotational effect, is 
expressed as follows:

The fraction 1/2 accounts for the fact that in mirror axially 
symmetric nuclei, the intrinsic states with spin projections 
+K and −K yield the same rotational levels. Moreover, in 
the second term of the summation, the symbol !(x) (defined 
by !(x) = 1 if x holds true and 0 otherwise) restricts the rota-
tional bands built on intrinsic states with spin projection 
K = 0 and parity P to level sequences 0, 2, 4,... for P = + 
and 1, 3, 5,... for P = − . Finally, the rotational energy is 
obtained using the following expression [54]:

where J⊥ denotes the moment of inertia of a nucleus rotat-
ing around the axis perpendicular to the symmetry axis. In 
this study, J⊥ is approximated by the rigid-body value Jrigid

⟂
 , 

which is expressed as follows:

for an ellipsoidal shape with the quadrupole deformation 
parameter ! . The vibration enhancement is approximated 
as [55]:

where S denotes entropy, U denotes the excitation energy, 
and T denotes the nuclear temperature.

Finally, a phenomenological damping function is intro-
duced to avoid sharp transitions between the spherical and 
deformed level densities that affect the NLD predictions. The 
expression for the NLD after introduction of the damping 
function is [31]:

(7)!sph(U,M,P) = !i(U,M = J,P) − !i(U,M = J + 1,P).

(8)
!def (U,M,P) =

1
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J
∑

K=−J,K≠0

!i(U − EJ,K
rot ,K,P)

]
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rot , 0,P)

+ "(Jodd)"(p=−)!i(U − EJ,K
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(11)Kvib = exp[!S − (!U∕T)],

(12)
!(U,M,P) = [1 − fdam(U)]Kvib!sph(U,M,P)

+ fdam(U)Kvib!def (U,M,P).

The damping function fdam is expressed as follows [38]:

where ! is the quadrupole deformation parameter. Param-
eters 0.18 and 0.038 are adjusted according to the experi-
mental data at the neutron separation energy Sn [56]. The 
expression for fdam developed previously [38] was simplified 
to depend only on the nuclear deformation, thereby reducing 
the number of phenomenological parameters. This damping 
function is used to suppress the discontinuities that occur 
between the spherical and deformed NLDs and ensure a 
smooth change of shape from deformed to spherical.

3  Results and discussion

In this section, we present our results for the NLDs obtained 
using the combinatorial method based on the CDFT and 
compare them with the results obtained using other NLD 
models [57] and experimental data [58, 59]. The effective 
meson-exchange interaction parameter PK1 [60] is adopted 
throughout the CDFT calculations. For spherical CDFT cal-
culations, we fixed the box size as Rbox = 20 fm and the step 
size as Δr = 0.1 fm. In the present deformed CDFT calcula-
tions, the Dirac equation for nucleons and the Klein–Gordon 
equations for mesons are solved using an isotropic harmonic 
oscillator, and a basis for the 18 major oscillator shells is 
adopted.

The combinatorial results rely on the properties of single-
particle levels. To understand the effect of using different 
effective interactions on the NLDs, the NLDs of 112 Cd and 
162 Dy obtained with different CDFT effective interactions, 
namely PK1 [60], NL3 [61], DD-ME2 [62], and DD-PC1 
[63] are presented for comparison in Fig. 1. For nuclei with 
small deformations ( 112Cd), the NLDs for the four effective 

(13)fdam = 1 −
1

1 + exp (! − 0.18)∕0.038
,

Fig. 1  (Color online) Comparison of NLDs calculated using different 
effective interactions under CDFT with experimental data [58, 59]
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interactions are close for excitation energies above 4 MeV. 
However, significant differences are observed for excitation 
energies below 4 MeV. This difference arises from the fact 
that the single-particle energies near the Fermi level are 
exceptionally sensitive to the choice of effective interaction, 
especially when the Fermi level is near the proton or neutron 
shells. Meanwhile, the CDFT calculations with the chosen 
interactions do not adequately reproduce the single-particle 
levels of the magic nuclei 132 Sn [64], which explains the 
deviations of our results from the measurements presented 
in Fig. 1. For the well-deformed 162Dy , the NLDs calcu-
lated with the four effective interactions deviate from each 
other in the entire region of the excitation energy, although 
the overall trend is consistent. This deviation at low excita-
tion energies is mainly caused by differences in the single-
particle energies around the Fermi level. Meanwhile, the 
entropy S obtained from the four effective interactions is sig-
nificantly different for nuclei with large deformations, which 
ultimately leads to deviation of the NLDs at high excitation 
energies. Compared with the experimental data of 112Cd [58] 
and 162Dy [59] extracted by the Oslo group based on the 
analysis of particle-! coincidence in the ( 3He , !" ) and ( 3He , 
3He ” ! ) reactions, the deviation between the NLDs obtained 
by using PK1 effective interaction and the results obtained 
by using other effective interactions is within a reasonable 
range.

The nonrelativistic HFB combinatorial methods, includ-
ing Skyrme and Gogny interactions, have been widely used 
in NLD predictions [55, 58]; the NLDs of spherical nuclei ( 
55Co , 132Sn , and 208Pb ) and deformed nuclei ( 94Mo , 95Mo , 
and 166Er ) calculated using the CDFT combinatorial method 
are compared with the corresponding experimental data, as 
illustrated in Fig. 2.

For 55Co , the CDFT combinatorial method yields a lower 
NLD than the experimental value, whereas the Skyrme com-
binatorial method yields a higher NLD. Although the results 
of the Gogny combinatorial method are closer to the experi-
mental data to a certain extent, a strong oscillation exists. 
For 132Sn and 208Pb , the results of the CDFT combinatorial 
method are similar to those of the Skyrme combinatorial 
method; however, the results of the Gogny combinatorial 
method are significantly lower than those of the two meth-
ods. Compared to the experimental data, the CDFT combi-
natorial method can better describe the NLD of 208Pb . The 
NLDs of 55Co , 132Sn , and 208Pb obtained using the three 
combinatorial methods are oscillatory to a certain extent 
because the three nuclei are spherical with highly degenerate 
single-particle levels with a strong shell effect.

For 94Mo , the results of both the CDFT and Skyrme 
combinatorial methods are closer to the experimental 
data than those of the Gogny combinatorial method. For 
95Mo and 166Er , the NLDs obtained using the three com-
binatorial methods are similar and slightly higher than 

the experimental data. It should be emphasized that the 
deformed nuclei 94Mo , 95Mo , and 166Er break the single-par-
ticle level degeneracy, yielding smoother NLDs, as shown in 
Fig. 2. It is noteworthy that the CDFT combinatorial method 
yields higher NLDs for 94Mo and 95Mo . One possible reason 
for this is that the CDFT combinatorial method uses a rigid-
body value when considering the rotational effect, which is 
inappropriate for soft nuclei [69].

In addition, the NLDs of 55Co and 94Mo can be ade-
quately described by the microstatistical model [31] rela-
tive to the CDFT combinatorial method, while both models 
provide similar descriptions for the NLDs of 95Mo and 166Er . 
In comparison, the microstatistical model yields relatively 
smooth results for spherical and deformed nuclei, which do 
not satisfactorily reflect the shell effect. Therefore, it can 
be concluded that the CDFT combinatorial method is as 
capable of describing NLDs as the other two combinatorial 
methods and the microstatistical model.

Furthermore, it is necessary to compare the NLDs 
obtained in the study with those obtained using phenome-
nological models (BFM, CTM, and GSM) [57]. Phenome-
nological models can adequately describe the experimental 
data at neutron separation by fitting the experimental data. 
The level densities at the neutron separation energy are the 
most commonly used experimental data and are obtained 
using the mean distance D0 of the s-wave resonance. The 
NLDs of the even-even nuclei ( 112Cd and 162Dy ), odd-A 
nuclei ( 51V , 97Mo , and 119Sn ), and odd-odd nucleus ( 60Co ) 
calculated using the CDFT combinatorial method are com-
pared with those obtained using phenomenological mod-
els and the available experimental data, as demonstrated 
in Fig. 3. As shown in Fig. 3, the CDFT combinatorial 
method is as capable of reproducing the experimental data 
on the neutron separation energy as the phenomenological 

Fig. 2  (Color online) Comparison of NLDs calculated based on the 
CDFT combinatorial method with results from the HFB combinato-
rial methods and microstatistical method (HFB+Sta) [31, 37, 38]. 
The experimental data are taken from Refs. [65–68]
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models; in particular, the CDFT combinatorial method can 
adequately describe the NLD of 51V . In addition, the over-
all description of the experimental data below the neutron 
separation energy provided by the CDFT combinatorial 
method is similar to that of the phenomenological meth-
ods. In conclusion, although there are few differences 
in the results for each NLD model, the overall ability to 
describe the experimental data is similar.

The most extensive and reliable sources of experimen-
tal information on NLD are the s-wave neutron resonance 
spacing D0 [56] and observed low-energy excited levels 
[56]. To measure the dispersion between the theoretical 
and experimental D0 , the frms factor is defined as follows:

where Dth(Dexp. ) is the theoretical (experimental) resonance 
spacing, and Ne is the number of nuclei in the compila-
tion. The results for the ratio of Dth to Dexp. are presented 
in Fig. 4. Upon calculation, we find that frms = 3.62 , with 
a total of 66 nuclei. Under the same calculation conditions, 
frms of the Gogny (D1S) interaction based on the HFB com-
binatorial method is measured as 7.25 [11]. At present, the 
result of the CDFT combinatorial method is larger than the 
frms = 1.8 deviation of the phenomenological BFM [10]
and the frms = 2.1 value obtained using the microstatisti-
cal method [31]. However, the HFB combinatorial method 
based on the Skyrme effective interaction improves the pair-
ing correlation [55] and collective effects, yielding the value 
frms = 2.3 [37]. Future studies can extend the same approach 
to improve the CDFT combinatorial method.

(14)frms = exp

[

1

Ne

Ne
∑

i=1

ln2
Di

th

Di
exp.

]1∕2

,

When phenomenological NLDs are used in nuclear 
physics applications, such as nuclear data evaluation or 
accurate and reliable estimation of reaction cross-sections, 
a few parameters are used considering the dependence of 
the phenomenological expressions [71]. The results of the 
combinatorial method can also normalize both the exper-
imental-level scheme at a low excitation energy and the 
neutron resonance spacing at U = Sn in a manner similar 
to what is typically used for analytical formulas. More 
precisely, the normalized level density can be obtained as 
follows: [37]

where the energy shift ! is extracted from the analysis of the 
cumulative number of levels and ! can be obtained using the 
following expression:

With this normalization, the experimental low-lying states 
and D0 values can be reproduced reasonably well.

As an illustration, the variation in the NLDs obtained 
using the CDFT combinatorial method before and after 
normalization is shown in Fig. 5. When normalization is 
applied, the NLDs pass through the experimental data at 
the neutron separation energy Sn . As shown in Fig. 5a, if 
the theoretically calculated value is close to the experi-
mental value at the neutron separation energy Sn , the 
results before and after normalization do not change 

(15)!(U, J,P) = e"
√

U−# × !(U − #, J,P),

(16)!th(Sn) × e"
√

Sn = !exp.(Sn).

Fig. 3  (Color online) Comparison of NLDs obtained from the CDFT 
combinatorial method with other NLD predictions [57] and experi-
mental data [58, 58, 59, 59, 66, 70]. The full asterisk corresponds to 
the experimental data at the neutron separation energy Sn [56]

Fig. 4  Ratio of the s-wave neutron resonance spacing for the CDFT 
combinatorial method ( Dth ) and the experimental data ( Dexp. ), as 
compiled in Ref. [56]
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models; in particular, the CDFT combinatorial method can 
adequately describe the NLD of 51V . In addition, the over-
all description of the experimental data below the neutron 
separation energy provided by the CDFT combinatorial 
method is similar to that of the phenomenological meth-
ods. In conclusion, although there are few differences 
in the results for each NLD model, the overall ability to 
describe the experimental data is similar.

The most extensive and reliable sources of experimen-
tal information on NLD are the s-wave neutron resonance 
spacing D0 [56] and observed low-energy excited levels 
[56]. To measure the dispersion between the theoretical 
and experimental D0 , the frms factor is defined as follows:

where Dth(Dexp. ) is the theoretical (experimental) resonance 
spacing, and Ne is the number of nuclei in the compila-
tion. The results for the ratio of Dth to Dexp. are presented 
in Fig. 4. Upon calculation, we find that frms = 3.62 , with 
a total of 66 nuclei. Under the same calculation conditions, 
frms of the Gogny (D1S) interaction based on the HFB com-
binatorial method is measured as 7.25 [11]. At present, the 
result of the CDFT combinatorial method is larger than the 
frms = 1.8 deviation of the phenomenological BFM [10]
and the frms = 2.1 value obtained using the microstatisti-
cal method [31]. However, the HFB combinatorial method 
based on the Skyrme effective interaction improves the pair-
ing correlation [55] and collective effects, yielding the value 
frms = 2.3 [37]. Future studies can extend the same approach 
to improve the CDFT combinatorial method.
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When phenomenological NLDs are used in nuclear 
physics applications, such as nuclear data evaluation or 
accurate and reliable estimation of reaction cross-sections, 
a few parameters are used considering the dependence of 
the phenomenological expressions [71]. The results of the 
combinatorial method can also normalize both the exper-
imental-level scheme at a low excitation energy and the 
neutron resonance spacing at U = Sn in a manner similar 
to what is typically used for analytical formulas. More 
precisely, the normalized level density can be obtained as 
follows: [37]

where the energy shift ! is extracted from the analysis of the 
cumulative number of levels and ! can be obtained using the 
following expression:

With this normalization, the experimental low-lying states 
and D0 values can be reproduced reasonably well.

As an illustration, the variation in the NLDs obtained 
using the CDFT combinatorial method before and after 
normalization is shown in Fig. 5. When normalization is 
applied, the NLDs pass through the experimental data at 
the neutron separation energy Sn . As shown in Fig. 5a, if 
the theoretically calculated value is close to the experi-
mental value at the neutron separation energy Sn , the 
results before and after normalization do not change 

(15)!(U, J,P) = e"
√

U−# × !(U − #, J,P),

(16)!th(Sn) × e"
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Sn = !exp.(Sn).

Fig. 3  (Color online) Comparison of NLDs obtained from the CDFT 
combinatorial method with other NLD predictions [57] and experi-
mental data [58, 58, 59, 59, 66, 70]. The full asterisk corresponds to 
the experimental data at the neutron separation energy Sn [56]

Fig. 4  Ratio of the s-wave neutron resonance spacing for the CDFT 
combinatorial method ( Dth ) and the experimental data ( Dexp. ), as 
compiled in Ref. [56]
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significantly. As shown in Fig. 5b, the results after nor-
malization are in better agreement with the experimental 
data [70], particularly above 2 MeV. This is because the 
coefficient e!

√

U−" is related to the excitation energy U, and 

when U is small, normalization has a negligible effect. ! 
and ! values of some nuclei are presented in Fig. 6.

Finally, the NLDs calculated using the CDFT combinatorial 
method are compared with the observed low-energy excited 
levels, which constitute the most extensive and reliable source 

Fig. 5  (Color online) NLDs obtained using the CDFT combinatorial 
method with (red) and without (black) normalization. The experimen-
tal data are taken from Refs. [56, 66, 70] Fig. 6  Normalized parameters ! (left) and ! (right) are plotted as 

functions of the atomic mass number

Fig. 7  (Color online) Comparison of the results obtained from the CDFT combinatorial method (red lines) with the cumulative number of 
observed levels [56] (black lines) as a function of the excitation energy
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of experimental information on NLDs [56]. The cumulative 
number of nuclear levels N(U) indicates the sum of the number 
of levels below the excitation energy U (including U)

Here, N(U, M, P) is the cumulative number of levels under 
spin M and parity P at the excitation energy E. The pre-
dicted cumulative number of levels N(U) is compared with 
the experimental value [56], as shown in Fig. 7, and the 
results include both light and heavy nuclei, as well as spheri-
cal and deformed nuclei. Overall, the results of the CDFT 
combinatorial method are in reasonable agreement with the 
experimental data at lower excitation energies, especially 
for light nuclei. At high excitation energies, the theoretically 
calculated cumulative number of nuclear levels is higher 
than the experimental value. The NLDs increase rapidly 
with increasing excitation energy, and N(U) is expected to 
gradually increase at high excitation energies. However, the 
experimental levels of the cumulative number gradually sta-
bilize. This may be attributed to the limitations imposed by 

(17)N(U) =
∑

M

∑

P

N(U,M,P).

the experimental conditions owing to which the number of 
levels cannot be counted completely.

In Fig. 8, the CDFT combinatorial method predictions 
after normalization are compared with the experimental data 
extracted using the Oslo method [58, 59, 66–68, 70, 72, 73] 
and the particle evaporation spectrum [74, 75]. The Oslo 
method is model-dependent. To extract the absolute value 
of the total level density from the measured data, the experi-
mental NLDs must be normalized by the total level density 
at the neutron binding energy, which in turn is derived from 
the neutron resonance spacing. For a meaningful compari-
son between the CDFT combinatorial predictions and data 
obtained using the Oslo method, it is important to normalize 
the NLDs obtained using the CDFT combinatorial method 
to the level density value at U = Sn considered by the Oslo 
group. As shown in Fig. 8, the results of the CDFT com-
binatorial method after normalization agree well with the 
experimental data below Sn , except for the small NLDs of 
111Cd and 161Dy at low excitation energies. This low result 
is due to the larger energy spacing of the theoretically cal-
culated single-particle levels near the Fermi level. Overall, 

Fig. 8  (Color online) Comparison between the calculated NLDs based on the CDFT combinatorial method (red lines) and experimental data [58, 
59, 66–68, 70, 72–75] (black dot). The full asterisk corresponds to the experimental data at the neutron separation energy Sn [56]
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图 基于相对论密度泛函理论的 、 与 相互作用计算的
126−131 的能级密度与实验数据的比较 。

过程的影响最大，且在 等人的计算中 138 的核质量变化会对对 过

程有较大影响 。另外在文章 的研究中 138−142 中子俘获截面的敏感型

测量函数 值要远远比其他核区的原子核大。在 过程的研究中，反应率是最

最要的输入量之一，而能级密度又是计算反应率的输入量，因此本文研究了

同位素链能级密度的变化对 过程的影响。首先通过相对论密度泛函理论中的

、 、 相互作用分别得到了 126−155 的单粒子能级信息，

然后利用组合法计算了 126−155 能级密度。结果如图 和 所示。

在图 中展示了三种有效相互作用下 126−131 的能级密度与低激发能下

的能级密度实验数据的比较。三种相互作用下的能级密度主要在 能量以

下存在较大的差异，在 的范围内差别相对较小，主要是由低激发能下

能级密度对费米能级附近的单粒子能量比较敏感导致的。对于 127 、128 和
129 的能级密度与实验数据符合较好，126 的结果则偏大，而 131 的累计数
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形变参数 β2，从 132 开始增大，在 144 达到最大值，之后计算的 的形变

开始减小得到的原子核又开始趋于球形，导致了能级密度的减小。

在通过相对论密度泛函理论的组合法计算了三种相互作用下的 同位素

链的能级密度后，利用 核反应程序计算了 127−156 能级密度对应的

中子俘获反应率，结果如图 和 所示。在利用 计算中子俘获反

应率时，所用伽马射线强度函数模型为 对应的

模型，伽马射线透射系数的归一化因子 ，其余参数均为默认参数。

图 基于相对论密度泛函理论的 、 与 相互作用计算的
126−141 的反应率与 数据库 中的反应率的比较。

第 章 结果讨论

数据较少得到的结果并不完整。整体而言 126−131 的能级密度结果与低激发能

下的实验结果符合的很好。

在图 中展示了在三种相互作用下计算的 132−155 的能级密度。不同相

互作用得到的结果主要在 能量以下存在明显的差异。由图 可知，不

同相互作用计算的费米能级距离下一条可激发的能级能量间隔不同，导致了初

始能级密度值对应的激发能不同。在 随着单粒子能级逐渐变得密集，计

算的能级密度差异也开始减小。由于 132 为球形核而 133−135 的形变非常小，

能级密度主要由球形的能级密度占主导，而球形单粒子能级简并度较高，因此

在整个计算的能量范围展现了较强的振荡和彼此间较大的差异。

图 基于相对论密度泛函理论的 、 与 相互作用计算的
132−155 的能级密度，其中 132 的能级密度向左平移了 。

另外计算的 同位素链的能级密度在 144 附近达到最大值，之后开始逐

渐减小。这是因为相对论密度泛函理论在三种相互作用下计算的原子核的四极
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▸ New rates of tin isotope affects the abundance non-locally
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图 基于相对论密度泛函理论的 、 与 相互作用得到的

同位素链的反应率与使用 数据反应率计算的 过程丰度的比

值。

区，导致了稀土区核素的整体增加。由于 同位素链的反应率改变到 156 ，

所以稀土区轻核的丰度增加量大于重核区。

为了研究 过程中元素丰度对 同位素链反应率变化的敏感性，利用如下

的敏感性函数 表示 ：

F± = 100
∑

A

|X (A)−X±(A)|

其中 X(A) = AY (A) Y (A) 为元素 的丰度。从图 中可以看到，三种相互

作用下的 同位素链反应率变化影响最大的核都在质量数 之间，



CONCLUSION

▸ To construct a self-consistent nuclear database for r-
process nucleosynthesis is a hard task 

▸ We try to understand the roles of different components of 
nuclear forces on various nuclear properties 

▸ Then we could understand how these different 
components affect the nucleosynthesis 



PERSPECTIVES

BETA DECAY

▸ Deformed nuclei 

▸ Large computation burden 

▸ Odd mass nuclei 

▸ Odd-Odd nuclei 

▸ Neutrino energy distribution 

▸ Neutrino-nucleus scattering cross-section



PERSPECTIVE

NEUTRON CAPTURE

▸ Microscopic treatment of pairing correlations 

▸ Gamma strength functions from QRPA or beyond based 
on DFT  

▸ More microscopic treatment of neutron capture, e.g. self-
consistent optical potential



PERSPECTIVE

NUCLEAR INPUT DATABASES

▸ Understand uncertainties of nuclear properties from the 
nuclear force side and the extrapolation to neutron-rich 
occasions  

▸ Sensitivity studies based on self-consistent nuclear 
database 

▸ Reverse engineering from r-process simulations
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